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The term black ring describes a five-dimensional black hole with an event horizon of
topology S1 × S2. The Pomeransky–Sen’kov solution is well known to describe an
asymptotically flat doubly rotating black ring in five dimensions, whose self-gravity is
exactly balanced by the centrifugal force arising from the rotation in the ring direction.
In this thesis, we generalise this solution to the unbalanced case, in which there is in
general a conical singularity in the space-time. Unlike a previous form of this solution
presented in the literature, our form is much more compact. We describe in detail how
this solution can be derived using the inverse-scattering method, and study its various
properties. In particular, we show how various known limits can be recovered as special
cases of this solution.
We also present a dipole-charged generalisation of the Pomeransky–Sen’kov black
ring in five-dimensional Kaluza–Klein theory. It rotates in two independent directions,
although one of the rotations has been tuned to achieve balance, so that the space-
time does not contain any conical singularities. This solution was constructed using the
inverse-scattering method in six-dimensional vacuum gravity. We then study various
physical properties of this solution, with particular emphasis on the new features that
the dipole charge introduces.
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1.1 Motivations of higher-dimensional gravity
Classical general relativity in four-dimensional space-time has an obvious motivation:
we are living in an observably four-dimensional world. One of the most fascinating
predictions of general relativity is that there may exist black holes: regions of space-
times from which nothing, not even light, can escape. In the past decade, there has
been an increasing attention on black holes in higher dimensions. There are a number
of reasons to be interested in such studies.
Unification of fundamental interactions
It has been the suspicion of physicists for almost a century that if general relativity is to
be unified with other interactions it is vital that higher dimensions are required. One of
the first attempts was made by Theodor Kaluza [88] in 1921 (extended by Oscar Klein
[91] in 1926) who managed to show that general relativity in five dimensions, the product
of four-dimensional Minkowski space and S1, not only contains four-dimensional gravity
but also the theory of electromagnetism. Unfortunately, Kaluza–Klein theory theory
contains some inherent problems making it unphysical and hence it is mainly used as a
toy theory (see [105] for a review).
To date, the most promising candidate to the unification of all interactions and
quantization of gravity is string theory. In this theory, the fundamental objects are
not pointlike as in quantum field theory, but they are extended in one dimension: they
are strings. All elementary particles then correspond to different vibrational modes of
the strings and one of them is the graviton. The supersymmetric version of the string
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theory, superstring theory, requires the dimension of the space-time to be D = 10. To
fully understand such a theory it would then be necessary to study general relativity in
higher dimensions.
Origin of black hole entropy
Hawking’s area theorem [68] shows that the surface area of the event horizon of a black
hole can never decrease with time, which resembles to the second law of the thermody-
namics. This resemblance led Bekenstein [6, 7, 8] to propose that a suitable multiple of
the surface area of the event horizon of a black hole should be interpreted as its entropy.
At nearly the same time, Bardeen, Carter and Hawking [5] provided a general proof of
certain laws of “black hole mechanics” applying to stationary black holes which are direct
mathematical analogues of the zeroth and first laws of thermodynamics. These analogies
became even more closer when Hawking [70] discovered the occurrence of spontaneous
emission of fields in the region exterior to the black hole and showed that the entropy is
given by the one quarter of the area (in natural units).
In thermodynamics, the entropy has a statistical origin as the microscopic degrees of
freedom of the system. In the case of black hole thermodynamics, however, its statistical
origin has been unclear. The first convincing answer was reached in the framework of
string theory when Strominger and Vafa [121] performed the first microscopic deriva-
tion of the Bekenstein–Hawking entropy on a class of five-dimensional extremal charged
black holes. Similar calculations have been extended to a rotating black hole [13], near
extremal black hole [97] and even for neutral black holes [42, 78, 43, 114]. In this per-
spective, black holes are a theoretical laboratory for the microscopic understanding of
some features of quantum theory of gravity.
AdS/CFT correspondence
In 1993, ’t Hooft [77] (further developed later by Susskind [122]) conjectured a holo-
graphic principle asserting the equivalence between a gravitational theory describing a
region of space and a theory defined only on the boundary surface that encloses the re-
gion. Inspired by the holographic principle, Maldacena in 1997 [98] proposed something
called the anti-de Sitter/conformal field theory correspondence (AdS/CFT correspon-
dence) relating a gravitational theory on asymptotically AdS spaces in D dimensions to
a non-gravitational quantum field theory in (D− 1) dimensions. This first example has
by now been extended to many other cases and AdS/CFT is more generally referred to as
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the gauge-gravity correspondence. There is a specific dictionary that translates between
the theories. This relationship has no formal mathematical proof. A very large num-
ber of checks have been performed and continual agreement of these checks constitutes
strong evidence for the correspondence (see [1] for a review).
Brane-world gravity
One of the most major problems with present day physics is the hierarchy problem: why
is gravity 1023 times weaker than the weak force? In 1998, Arkani-Hamed, Dimopou-
los and Dvali proposed a novel model (ADD model) to resolve the hierarchy problem
[2, 3] by assuming the existence of extra dimensions. The novelty in this model was
that the traditional picture of Planck-length-sized additional space-like dimensions was
abandoned and the extra dimensions could have a size of millimeters.
In the ADDmodel, all standard model particles are confined to the (3+1)-dimensional
space-time, but gravity can “leak” into extra dimensions. The weakness of gravity is
understood as due to the fact that it “leaks” into extra dimensions and only part of
it is felt in the (3 + 1)-dimensional space-time. As the extra dimensions are large in
this model, their effect can be measurable in future accelerator, astrophysical and table-
top experiments. Subsequently, Randall and Sundrum [111, 112] put forward a model
with warped extra dimension that also provides an attractive setup for addressing the
hierarchy problem.
With large extra dimensions, the fundamental gravity scale is reduced down to TeV
order which might be accessible at colliders such as the Large Hadron Colliders (LHC)
at CERN. Having the fundamental scale accessible allows the possibility to produce tiny
black holes at the LHC [30, 81]. The black hole cross section at the LHC is large enough
to quality LHC as a “black-hole factory” [63]. This possibility has reinforced the current
trend of the study of higher-dimensional black holes (see also [89, 108, 17] for reviews).
Novel features of higher-dimensional black holes
From a purely theoretical view point, there is no reason for us to stop at four dimensions
when studying black holes. In fact, it turns out that the special characteristics of
four-dimensional space-time restrict the possible solutions and is the main cause of, for
instance, the uniqueness theorem of black holes [86, 16, 69, 26, 116]. In four space-
time dimensions, it is well known that stationary, asymptotically flat vacuum black
holes are uniquely determined by the asymptotic conserved charges, i.e., the mass and
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angular momentum, and the only allowed horizon topology is S2. The uniqueness in
four dimensions fits nicely with the fact that black holes in four dimensions are known
to be classically stable [115, 133, 124].
In higher dimensions this is not necessarily true and it turns out that uniqueness
sometimes breaks down for black holes. While uniqueness still holds for the static case
in D > 4 [59, 58], there is no uniqueness theorem for the stationary cases [65]. There are
even several counter-examples where non-uniqueness is demonstrated. The consequence
is then that for the same mass and angular momentum there exist several black hole
solutions with different horizon topology. Phase transitions between the different phases
is also allowed [94] which implies that black holes in D > 4 do not necessarily need to be
stable. The horizon topology of the black hole solutions are also considerably different
and varied from that of the four-dimensional counter-part, where only S2 is allowed.
The horizon topology no longer needs to be spherical. One of the most straightforward
examples of this is the black string where a vacuum solution in (D + 1) dimensions
can be constructed by simply adding a spatial flat dimension on a vacuum black hole
solution with horizon geometry ΣH in D dimensions. The new horizon geometry of the
black string is then ΣH × R.
There is also the possibility of regular multi-black hole solutions in higher dimen-
sions, for example, the black Saturn solution [38]. This richness and variety of solutions
demonstrate a great difference between the case of four-dimensional black holes and
higher-dimensional black holes. The physics of higher dimensional black holes is much
more complicated with features such as non-uniqueness, non-spherical horizons and clas-
sical instabilities. The readers are referred to [95, 79, 125, 47, 104, 120] and references
therein for more detailed reviews on the rich structures of black holes in higher dimen-
sions.
1.2 Overview
Although space-time appears to be four-dimensional, it has become apparent in recent
years that a more complete understanding of general relativity can be obtained if the
space-time dimensionality D is made a tunable parameter. As mentioned above, black
holes in four dimensions are known to be subject to a number of uniqueness theorems,
and it is of interest to see if these theorems are peculiar to four dimensions, or if they
can be extended to higher dimensions. The Schwarzschild black-hole solution was first
generalised to arbitrary dimension D > 4 by Tangherlini in 1963 [123], while the rotating
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Kerr black-hole solution was similarly generalised by Myers and Perry in 1986 [102].
Until a decade ago, these were the only higher-dimensional vacuum black holes known;
in particular, it was still not clear then if there were uniqueness theorems to rule out
other types of black holes in higher dimensions.
In 2001, Emparan and Reall [44] made a remarkable discovery of a new vacuum black
hole in five dimensions with a non-spherical event-horizon topology. Instead, it has a
ring topology S1×S2, and was therefore called a black ring. This black ring rotates along
the ring direction S1, which creates a centrifugal force that opposes its self-gravity. Due
to an imbalance of these two forces, there is a conical singularity in the space-time to
stabilise the solution. However, for a certain value of the angular-momentum parameter,
the forces balance exactly and there is no conical singularity present. The black ring is
thus completely regular outside the event horizon. It turns out that, for a certain range
of parameters, there are two regular black rings which share the same mass and angular
momentum as the five-dimensional Myers–Perry black hole. This result unambiguously
shows that the four-dimensional black-hole uniqueness theorems do not straightforwardly
extend to higher dimensions.
Since black holes in five dimensions can rotate in two independent directions, it was
natural to wonder if the Emparan–Reall black ring can be generalised to one with two
independent rotations. A first step in this direction was made in 2005 by Mishima and
Iguchi [99] and independently by Figueras [51], who discovered a solution describing a
black ring that rotates only in the azimuthal direction of the S2, i.e., there is no rotation
along the ring direction. Because there is no centrifugal force in this case, the solution
necessarily has a conical singularity to counteract the self-gravity of the black ring. The
properties of this black ring were studied in detail in [84].
It was by then clear that the most general doubly rotating black ring should contain
both the above S1-rotating and S2-rotating black rings as special cases. It was also
quite apparent that the form of this solution would be complicated, and that it could
not be obtained by Wick-rotating a known solution (as was done in [44]) or by “educated
guesswork” (as was done in [51]). A more systematic solution-generating technique was
needed, and one that showed early promise was the inverse-scattering method (ISM)
pioneered by Belinski and Zakharov [11, 10, 9]. The usefulness of the ISM to higher-
dimensional black holes was first pointed out by Pomeransky [110], who showed how to
use it to obtain the five-dimensional Myers–Perry black hole by removing and adding
solitons to a certain seed solution. Subsequently, it was shown in [126] how the ISM
could be used to generate the S2-rotating black ring. However, using the ISM to generate
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the S1-rotating black ring proved to be much subtler. The breakthrough in this came
with the works of Iguchi and Mishima [83] and Tomizawa and Nozawa [127], who found
the correct seed needed to generate the S1-rotating black ring.
This progress paved the way for the generation of the doubly rotating black ring
using the ISM. By combining the techniques used to generate the S1-rotating and S2-
rotating black rings, this solution was first obtained by Pomeransky and Sen’kov [109] in
2006. Although they mentioned that they had obtained the most general doubly rotating
black ring solution, only the balanced case was presented in their paper. Furthermore,
Pomeransky and Sen’kov found a form of the balanced doubly rotating black ring that
was remarkably simple, considering the generality of the solution. The properties of this
solution were further studied in [40].
It is of obvious interest to generalise these vacuum black ring solutions to include
charge. This would allow the embedding and study of black rings in string theory, among
other possibilities. Like five-dimensional black holes, black rings can carry a conserved
electric charge with respect to a two-form field strength. For example, if we consider the






R− 12∂µϕ∂µϕ− 14e−αϕFµνF µν
)
, (1.1)




e−αϕ ? F , (1.2)
where the integration is taken over the 3-sphere of a constant time slice at infinity.
Happily, the standard charging transformations developed for black holes can also be
applied to black rings. Charged black rings in various theories, including string theory,
have been considered in, say [35, 36, 12, 80, 54].
Unlike black holes however, black rings can carry a new type of magnetic charge by





where the integration is taken over a 2-sphere which encloses the S2-section of the black
ring horizon. The sign of Q depends on a choice of orientation of this 2-sphere. It follows
that Q has opposite signs for 2-spheres on opposite sides of the ring horizon, since the
orientation induced on these two 2-spheres by the ring horizon are opposite to each other
[31]. For this reason, it is known as a “dipole charge”, although it does not obey any
conservation law. The first example of a dipole-charged black ring was discovered by
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Emparan [41], as a solution to the Einstein–Maxwell-dilaton action (1.1) with arbitrary
dilaton coupling α. As it rotates in the S1 direction, it generalises the Emparan–Reall
black ring.
1.3 Organization of the thesis
In this thesis, we will mainly study black ring solutions in five dimensions. The organi-
zation of the thesis is as follows.
In Chapter 2, we will review some well-known asymptotically flat black hole solutions
in four and five space-time dimensions. These include the four-dimensional Kerr black
hole, the five-dimensional doubly rotating Myers–Perry black hole, the Emparan–Reall
S1-rotating black ring, the Figueras S2-rotating black ring and the Pomeransky–Sen’kov
doubly rotating black ring. We will mainly focus on the physical properties of these
solutions.
In Chapter 3, we will review the formalism and notation used in studying stationary
axisymmetric vacuum solutions. We will first derive a canonical form of the metric for
stationary and axisymmetric vacuum solutions in which the associated rod structures
are introduced. The main part of this chapter is to analyse the rod structure for some of
the well-known black hole solutions in four- and five-dimensional space-time discussed
in Chapter 2.
In Chapter 4, we will first give a review of the inverse scattering method algorithm
for generating new solutions. We will then provide some details on the inverse scatter-
ing method construction for a few well-known solutions including the five-dimensional
doubly rotating Myers–Perry solution, the Emparan–Reall singly rotating black ring
solution, the Figueras singly rotating black ring solution and the Pomeransky–Sen’kov
doubly rotating ring solution.
The Pomeransky–Sen’kov solution is well known to describe an asymptotically flat
doubly rotating black ring in five dimensions, whose self-gravity is exactly balanced by
the centrifugal force arising from the rotation in the ring direction. In Chapter 5, we
generalise this solution to the unbalanced case, in which there is in general a conical
singularity in the space-time. Unlike a previous form of this solution presented in the
literature, our form is much more compact. We describe in detail how this solution
can be derived using the inverse-scattering method, and study its various properties. In
particular, we show how various known limits can be recovered as special cases of this
solution.
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In Chapter 6, we present a dipole-charged generalisation of the Pomeransky–Sen’kov
black ring in five-dimensional Kaluza–Klein theory. It rotates in two independent di-
rections, although one of the rotations has been tuned to achieve balance, so that the
space-time does not contain any conical singularities. This solution was constructed
using the inverse-scattering method in six-dimensional vacuum gravity. We then study
various physical properties of this solution, with particular emphasis on the new features
that the dipole charge introduces.
This thesis ends off with a few avenues for the possible extension of the current work
which we hope to embark on in the future in Chapter 7.
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Chapter 2
Review of some known black hole
solutions
2.1 Introduction
In this chapter, we will review some well-known asymptotically flat black hole solutions
in four and five space-time dimensions. These include the four-dimensional Kerr black
hole, the five-dimensional doubly rotating Myers–Perry black hole, the Emparan–Reall
S1-rotating black ring, the Figueras S2-rotating black ring and the Pomeransky–Sen’kov
doubly rotating black ring. We will mainly focus on the physical properties of these
solutions.
2.2 Four-dimensional Kerr black hole
In four-dimensional space-time, a vacuum solution of the Einstein’s field equations for
a rotating black hole with a spherical horizon S2 is the Kerr metric. This solution was
found by Roy Kerr in 1963 [90] (see [128, 130] for a more detailed review).
In Boyer–Lindquist coordinates, the metric of the Kerr solution is described by
ds2 = −∆Σ
(
















Σ = r2 + a2 cos2 θ , ∆ = r2 − 2mr + a2 . (2.2)
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Here, m and a are parameters related to the mass and rotation of the black hole. The
ADM mass M and angular momentum J of the space-time are respectively
M = m, J = ma . (2.3)
Clearly, the metric reduces to the Schwarzschild solution when a = 0 and Minkowski
space-time when m = 0.
When m ≥ |a|, the event horizon is located at r+ = m+
√
m2 − a2. For m < |a|, the
Kerr solution does not have a horizon and it describes a naked singularity. A distinctive
feature of the Kerr solution compared to the Schwarzschild solution is the existence of
other coordinate singularities at r− = m−
√
m2 − a2 and rE = m+
√
m2 − a2 cos2 θ. The
inner horizon, r−, lies inside the event horizon, r+, and becomes the Cauchy horizon for
an outside observer. The ergosurface, rE, occurs where the asymptotic time-translation
Killing vector, ∂/∂t, becomes null. The ergosurface rE encloses the event horizon except
at the rotational axis θ = 0 , pi. The region where the time-translation Killing vector
∂/∂t becomes space-like is called the ergoregion, which characterizes the inertial frame
dragging due to the rotation of the black hole. Any observer in the ergoregion must
rotate in the direction of black-hole rotation.





, Ω = a
r2+ + a2








4 TAH + ΩJ . (2.5)
For given M , when a and so the angular momentum J increases, the area of the horizon
(and so the entropy) of this black hole decreases. The rotation parameter a is bounded
from above by m = |a|, in which case the Kerr black hole becomes extremal with a
regular horizon of minimum finite area.
In four dimensions, the solutions of the vacuum Einstein’s field equations are con-
strained by powerful uniqueness theorems [86, 16, 69, 116] (see [74] for a review). A
black hole is uniquely specified by the ADM mass and angular momentum measured at
infinity. It follows that the Kerr solution is the unique stationary solution with a regular
event horizon in four-dimensional asymptotically flat vacuum space-time.
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2.3 Five-dimensional Myers–Perry black hole
Myers and Perry generalized the four-dimensional Kerr solution to arbitrary higher di-
mensions in 1986 [102]. It is a rather non-trivial generalization due to the possibility
of rotation in different planes in higher-dimensional space-times. The Myers–Perry so-
lution shares many properties with the Kerr solution (see [101, 47] for a more detailed
review). So far, the Myers–Perry solution is the only exactly known asymptotically flat
black hole solution in D > 5. It has been extended to asymptotically (anti)-de Sitter
space-times in [72] (D = 5) and [61, 60] (D > 5).
In four-dimensional space-time, through a change of coordinates, any rotation can be
written as a rotation around one of the axes, or equivalently in a (x, y) plane. Therefore,
only a single rotation parameter is needed in the Kerr solution. In higher dimensions,
more complicated rotations are possible. Indeed, there is an independent rotation in all
perpendicular spatial planes (xi, xj) one can construct.
If the number of spatial dimensions (D−1) is even, there are (D−1)/2 perpendicular
planes (x1, x2), . . . , (xD−2, xD−1) and therefore as many independent rotations. If (D−1)
is odd, there are (D−2)/2 of them. In summary, the number N of independent angular







where bNc is the biggest integer smaller than or equal to N . It means that the most
general Myers–Perry solution inD dimensions will have (n+1) parameters characterizing
the mass and various angular momenta parameters corresponding to rotation in the
respective planes.
For the case of D = 5 dimensions, the Myers–Perry solution in Boyer-Lindquist
coordinates takes the form
ds2 = −dt2 + 2mΣ
(








+ (r2 + a2) sin2 θ dψ2 + (r2 + b2) cos2 θ dφ2 ,
(2.7)
where
Σ = r2 + a2 cos2 θ + b2 sin2 θ , ∆ = (r
2 + a2)(r2 + b2)
r2
− 2m. (2.8)
Here, m, a and b are parameters for mass and rotations along the two rotational axes pa-
rameterized by the azimuthal angles ψ and φ respectively. The five-dimensional Myers–
Perry solution describes a rotating black hole with spherical horizon topology S3. Setting
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a = b = 0, the solution (2.7) reduces to the five-dimensional Tangherlini solution [123].
Now, if we also set m = 0, we obtain the five-dimensional Minkowski space-time.





2m− (a2 + b2)±
√
[2m− (a+ b)2] [2m− (a− b)2]
]
. (2.9)
The inner and outer horizons are located at r = r− and r = r+ respectively. Both
horizons exist and differ when |a| + |b| < √2m. On the other hand, both horizons
coincide when |a| + |b| = √2m, beyond which the naked singularity appears. The
ergosurface, where gtt vanishes, is located at
rE =
√
2m− a2 cos2 θ − b2 sin2 θ . (2.10)
When both a and b are non-vanishing, it can be shown that r2E > r2+, i.e., the ergosurface
nowhere touches the outer horizon.
The ADM mass M and angular momenta Jψ, Jφ of the space-time can be read off
from the asymptotic behaviour of the metric r →∞:
M = 3pi4 m, Jψ =
pi
2 ma , Jφ =
pi
2 mb . (2.11)








(r2+ + a2)(r2− + b2)
. (2.12)
Recall that, for givenM , the Kerr solution has an upper bound on its angular momentum
|J | ≤ M2 and saturating this bound gives the extremal Kerr solution with a regular,
but degenerate horizon. There is a similar upper bound on the angular momenta of the
five-dimensional Myers–Perry solution: for given M , angular momenta of the regular





Saturating this bound gives a black hole with a degenerate horizon except when one of
the angular momenta vanishes, in which case the space-time is singular with no horizon.


















the phase space of the Myers–Perry black hole, as in Fig. 2.1, admits a real root for
|jψ|+ |jφ| ≤ 1 , (2.15)
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which is a square. The boundaries are the extremal solutions where the inequality is







Figure 2.1: (jψ, jφ) phase diagram for five-dimensional doubly rotating Myers–Perry
black hole. The boundaries of the phase space correspond to the regular extremal
doubly rotating Myers–Perry black holes, except at the corners of the square when they
become naked singularities.
2.4 Emparan–Reall black ring
As for the asymptotically flat, static vacuum black hole solutions of higher-dimensional
Einstein’s field equations, the Schwarzschild–Tangherlini solution [123] is the unique
solution [59, 58], which is common to the four-dimensional case [86, 74]. However, this
uniqueness for black holes no longer holds for the five-dimensional asymptotically flat,
stationary vacuum space-time. The first explicit example of this violation of uniqueness
was found by Emparan and Reall in [44]. The new solution that does not exist in four
dimensions is a black ring, i.e., a black hole with horizon topology S2×S1. For a certain
range of mass and angular momentum, there exists three different stationary black hole
solutions, a thin black ring, a fat black ring and a Myers–Perry black hole.
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The black ring solution brings forth the violation of another uniqueness theorem
that holds in four dimensions: the horizon topology theorem. In four dimensions (with
flat space asymptotics), one can show on general grounds that the horizon topology is
unique. Hawking’s horizon topology theorem [69, 71] states that the horizon topology
can only be a sphere. Generalizations of Hawking’s horizon topology theorem have
been considered [14, 53, 73]. The resulting restrictions on topology turn out to be less
restrictive in higher dimensions.
In five dimensions, the only allowed horizon topologies seem to be S3, S2 × S1,
a lens-space or their connected sums. The first corresponds to the five-dimensional
Schwarzschild–Tangherlini solution [123], or Myers–Perry solution [102], and the second
corresponds to the black ring solution [44, 99, 51, 109, 19]. The third is called a black
lens, which has not yet been found as a regular solution [48, 21].
Emparan and Reall obtained the black ring solution in [44] from the Kaluza-Klein
C-metric solutions in [32, 18] via a double Wick rotation of coordinates and analytic
continuation of parameters. This solution has been written in terms of several convenient
coordinate systems [44, 41, 64]. In the C-metric like coordinates, the metric of the
Emparan–Reall solution is given by































F (x) = 1 + λx , G(x) = (1− x2)(1 + µx) . (2.17)
To obtain exactly the form used in [47], we have to define the new parameters λ˜, ν˜ and
R˜ by
λ˜ = λ , ν˜ = µ , R˜2 = 2κ
2(1− µ)2
1− λ , (2.18)




1− µ (ψ, φ) . (2.19)
The solution has three parameters λ, µ and κ. The dimensionless parameters λ and
µ must lie in the range
0 ≤ µ ≤ λ < 1 . (2.20)
When both these parameters vanish, we recover flat space in ring coordinates. The
parameter κ > 0 has dimension of length and sets the scale of the solution. The
14
§ 2.4. Emparan–Reall black ring
coordinates x and y vary in the ranges
−1 ≤ x ≤ 1 , −∞ < y ≤ −1 , (2.21)
which ensures gψψ > 0.
The event horizon is located at y = −1/µ when G(y) = 0. It has a ring topology
S2 × S1, with ∂/∂ψ generating the S1 and ∂/∂φ generating the rotational symmetry of
the S2. The ergosurface, with topology S2×S1, is located at y = −1/λ where F (y) = 0.
At y = −∞, the invariant scalar RµνσρRµνσρ blows up which corresponds to an inner
space-like singularity.
The metric of the Emparan–Reall black ring solution (2.16) is asymptotically flat
with infinity located at (x, y) → (−1,−1). This can be explicitly seen by introducing
the coordinates (r, θ) defined by
x = −1 + α sin
2 θ
r2





α = 4κ2(1− µ) . (2.23)





dt2 − 8Jψ sin
2 θ
pir2




+ dr2 + r2
(




in the asymptotic region r → ∞. The ADM mass and angular momenta can then be
read off from the asymptotic behaviour of the solution:
M = 3piκ
2λ(1− µ)
2(1− λ) , Jψ =
piκ2(1− µ)
√
2λ(1 + λ)(λ− µ)
(1− λ)3/2 , Jφ = 0 . (2.25)
Clearly, the Emparan–Reall solution describes a black ring rotating along the S1 direc-
tion parameterized by the coordinate ψ. When the angular momentum Jψ is made to
vanish by setting λ = µ, the solution (2.16) reduces to the static black ring [45]. The





(1− λ)(1 + µ) ,
T = (1− λ)(1 + µ)8piκ
√√√√ 2(1− λ)
λµ(1 + λ) .
(2.26)
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The Killing vector fields ∂/∂ψ and ∂/∂φ vanish at y = −1 and x = ±1, respectively.
The axis of rotation around the ψ direction is located at y = −1 and the axis of rotation
around φ direction is divided into two pieces: x = 1 is inside the ring and x = −1 is
its complement outside the ring. The axis of rotation x = −1 extends from infinity
(x → −1, y → −1) to the black ring horizon. Passing through the horizon, there is an
inner axis of rotation x = 1 which meets at the center of the black ring’s S1 with another
rotational axis y = −1 extending to infinity.
In general, the solution (2.16) has a conical singularity at x = 1. This conical (strut)
singularity provides a pressure that prevents the black ring from collapsing under its
own gravity. The black ring can be made to maintain a delicate balance between its own
gravity and the centrifugal force due to its rotation along the S1 direction by fixing the
parameter λ such that
λ = 2µ1 + µ2 , (2.27)
in which there is no conical singularity present in the space-time.
The Emparan–Reall black ring solution (2.16) has a limit recovering the Myers–
Perry solution (2.7) with a single angular momentum along the ψ direction. It is to be
emphasized that this limit can only be obtained without imposing the balance condition
(2.27). We first set
λ = 1− c(1− µ) (2.28)









Now, we perform the coordinate transformation
x = −1 + 8κ
2(1− µ) cos2 θ
2r2 + a2 − 2m− 4κ2 cos 2θ ,
y = −1 + 8κ
2(1− µ) sin2 θ
2r2 + a2 − 2m− 4κ2 cos 2θ ,
(2.30)
and take the limit µ → 1, the Emparan–Reall black ring (2.16) becomes (2.7) with
b = 0, i.e., five-dimensional Myers–Perry solution rotating in the ψ direction. The
extremal limit 2m = a2 of the Myers–Perry black hole actually corresponds to the same
nakedly singular solution obtained as taking µ→ 1, λ→ 1 limit in the Emparan–Reall
solution.









cosh2 σ , (2.31)
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changing coordinates




, ψ = − z√
2κ
, (2.32)

















r − 2m dr
2 + r2
(




This is exactly the metric obtained by starting with the four-dimensional Schwarzschild
solution, adding a flat direction z to it, and then applying a boost dt → cosh σ dt +
sinh σ dz, dz → sinh σ dt + cosh σ dz. This gives precise meaning to the heuristic con-
struction of a black ring as a boosted black string bent into a circular shape. If the
balance condition (2.27) is imposed, we have sinh σ = 1.
To demonstrate the absence of uniqueness for regular Emparan–Reall black rings, i.e.,
once the balance condition (2.27) is imposed, we define dimensionless reduced angular






= (1 + µ)
3










µ(1− µ) , (2.34)
with 0 < µ ≤ 1. By looking at the derivatives with respect to µ, we have
dj2ψ




dµ = 0⇒ µ =
1
2 . (2.35)
It is now clear that there is a turning point at µ = 1/2: aH = 1 is a maximum and
j2ψ = 27/32 is a minimum. There are two branches of solutions:
1. Thin black ring: This branch of solution extends from µ = 0 to µ = 1/2. As
µ→ 0, we have jψ →∞ and aH → 0.
2. Fat black ring: It goes from µ = 1/2 to µ = 1. As µ → 1, we have jψ → 1 and
aH → 0. This branch of solution meets the singular Myers–Perry black hole
The fat black rings always have smaller area than the thin black rings. Moreover, as
µ → 1, the fat black ring will meet the singular singly rotating Myers–Perry solution,
i.e., a naked singularity, at (jψ = 1, aH = 0).




2(1− j2ψ) . (2.36)
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Figure 2.2: (jψ, aH) phase diagram for five-dimensional (regular) black ring and Myers–
Perry black hole rotating along their ψ-directions. The dashed curve corresponds to
five-dimensional singly rotating Myers–Perry black hole. The solid curve for black rings
has two branches that meet at a regular, non-extremal minimally rotating black ring at
jψ =
√
27/32 : an upper branch of thin black rings and a lower branch of fat black rings.
Fat black rings always have smaller area than the Myers–Perry black hole. Their curves
meet at the same zero-area naked singularity at jψ = 1.
The curves (2.34) and (2.36) are plotted in Fig. 2.2. Contrary to what happens for
rotating black hole in four dimensions and for the singly-rotating Myers–Perry black
hole in five dimensions, the angular momentum of the black ring (for fixed mass) is
bounded below, but not above. When 27/32 < j2ψ < 1, there exists three different
solutions – thin black ring, fat black ring and Myers–Perry black hole – with the same
dimensionless reduced angular momentum jψ, i.e., with the same mass and angular
momentum. Clearly, this provides an explicit violation of black hole uniqueness in five
dimensions. Observe also that it is not possible to recover a notion of uniqueness by
fixing the horizon topology since there can be two black rings with the same mass M
and angular momentum Jψ.
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2.5 Figueras black ring
In five dimensions, it is possible to have two independent angular momenta Jψ and Jφ
along the ψ and φ directions respectively. The Emparan–Reall black ring solution (2.16)
is only rotating along the ψ direction. Mishima and Iguchi [99] and Figueras [51] have
independently discovered a black ring solution rotating only in the azimuthal direction
of the S2 of the ring, i.e., there is no rotation along the ring direction.
In C-metric coordinates, the metric for the S2 rotating black ring is written as






















+ (1− µ)(1− ν)
[
dx2







H(x, y) = 1 + (µ+ ν)x+ µνx2y2, F (x) = (1 + µx)(1 + νx) . (2.38)
To obtain exactly the form used in [51], we have to define the new parameters λ˜, a˜ and
R˜ by
λ˜ = µ+ ν , a˜
2
R˜2
= µν , R˜2 = 2κ
2(1− µ)(1− ν)
1− µν , (2.39)
and the new coordinates
(ψ˜, φ˜) = 1√
(1− µ)(1− ν)
(ψ, φ) . (2.40)
The solution has three parameters µ, ν and κ. The dimensionless parameters µ and
ν must lie in the range
0 ≤ ν ≤ µ < 1 . (2.41)
When both these parameters vanish, we recover flat space in ring coordinates. The
ranges of the coordinates x and y are the same as those of the Emparan–Reall solution,
namely,
−1 ≤ x ≤ 1 , −∞ < y ≤ −1 . (2.42)
As in the case of the Emparan–Reall black ring, asymptotic infinity of the Figueras
black ring solution (2.37) is also located at (x, y) → (−1,−1). This can be explicitly
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seen by introducing the coordinates (r, θ) defined by (2.22) with
α = 4κ
2(1− µ)(1− ν)
1− µν , (2.43)
followed by taking the limit r →∞. The ADM mass and angular momenta can then be
read off from the asymptotic behaviour of the solution:
M = 3piκ
2(µ+ ν)




(1− µν)3 . (2.44)
It is now clear that the Figueras solution describes a black ring rotating along the S2
direction parameterized by the coordinate φ. When the angular momentum Jφ is made
to vanish by setting ν = 0, the solution (2.37) reduces to the static black ring [45].
In general, there will be a conical singularity present in the space-time, located along
the rotational axis along the φ, i.e., either x = −1 or x = 1. To ensure the solution is
asymptotically flat, the conical singularity is chosen to be located at x = 1. The conical
excess along this axis is obtained to be
∆φ = 2pi

√√√√ (1 + µ)(1 + ν)
(1− µ)(1− ν) − 1
 . (2.45)
Within the admissible range of parameters, namely, 0 ≤ ν ≤ µ < 1, the conical excess
above can never be made to vanish. Physically, the Figueras black ring is rotating along
the φ direction, which is on the plane orthogonal to the ring, there is no centrifugal force
to balance its own gravity. This conical (strut) singularity then provides a pressure that
prevents the black ring from collapsing under its own gravity.
The inner and outer horizons are respectively located at y− = −1/ν and y+ = −1/µ
where F (y) = 0. The ergosurface is located at yE where H(yE, x) = 0. Both the
ergosurface and horizons have topology S1 × S2. As in the case of the four-dimensional
Kerr black hole, the ergoregion of the S2 rotating black ring coincides with the horizons
at the poles of the S2, i.e., x = ±1. The area and temperature of the horizon are
respectively
AH = 16pi2κ3µ(µ+ ν)
√√√√ 2(1− ν)
(1 + µ)(1− µν)3 ,
T = µ− ν8piκµ(µ+ ν)
√
2(1 + µ)(1− µν)
1− ν .
(2.46)
The Figueras black ring solution (2.37) has a limit recovering the Myers–Perry so-
lution (2.7) with a single angular momentum along the φ direction. We first define
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m = 2κ
2(1 + ν)
1− ν , b = 2κ
√
2ν
1− ν , (2.47)
perform the coordinate transformation
x = −1 + 8κ
2(1− µ) cos2 θ
2r2 + b2 − 2m− 4κ2 cos 2θ ,
y = −1 + 8κ
2(1− µ) sin2 θ
2r2 + b2 − 2m− 4κ2 cos 2θ ,
(2.48)
and take the limit µ → 1, the Figueras black ring (2.37) becomes (2.7) with a = 0,
i.e., the five-dimensional Myers–Perry solution rotating in the φ direction. The extremal
limit 2m = b2 of the Myers–Perry black hole actually corresponds to the same nakedly
singular solution obtained as taking ν → 1, µ→ 1 limit in the Figueras solution.















, ψ = − z√
2κ
, (2.50)
and then sending κ →∞. If we do this, (2.37) becomes
ds2 = −∆Σ
(


















∆ = r2 + a2 − 2mr , Σ = r2 + a2 cos2 θ . (2.52)
This is exactly the metric obtained by adding a flat direction z to the four-dimensional
Kerr solution.
2.6 Pomeransky–Sen’kov black ring
In five dimensions, it is clear that the most general doubly rotating black ring should
contain both the Empran-Reall S1 rotating and Figueras S2 rotating black rings as
special cases. Such a doubly rotating black ring solution had long been anticipated.
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It describes a single black ring (possibly) balanced by angular momentum in the plane
of the ring, but angular momentum also in the orthogonal plane, corresponding to the
rotation of the 2-sphere. Kudoh [92] found branches of this solution numerically, but
the true breakthrough was Pomeransky–Sen’kov’s construction of the exact (balanced)
doubly rotating black ring solution [109]. The properties of this solution were further
studied in [40].
In C-metric coordinates, the Pomeransky–Sen’kov black ring is given by
ds2 = −H(y, x)
H(x, y) (dt− ωψ dψ − ωφ dφ)
2 − F (x, y)
H(y, x) dψ
2 − 2 J(x, y)
H(y, x) dψ dφ

















√√√√ (1 + ν)(1 + µ)
(1− ν)(1− µ) (1 + y)
×
[







µν(1− µ2)(1− ν2) (1− x2)y ,
(2.54)
and the functions G, H, J and F are given by
G(x) = (1− x2)(1 + µx)(1 + νx) ,







2κ2(µ+ ν)√µν(1− x2)(1− y2)
(1− µν)2(x− y)
{





xy + 2µν(µ+ ν)(x+ y)
}
,







1− (µ+ ν)2 − 2µν + µ2ν2
]




2(µ+ ν)2 + (µ+ ν)(1 + µ2)
× (1 + ν2)x+ (1 + µν)
[
1− (µ+ ν)2 − 2µν + µ2ν2
]





x3 + µν(1− µν)
[
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To obtain exactly the form used in [109], we have to define the new parameters λ˜, ν˜ and
k˜ by
λ˜ = µ+ ν , ν˜ = µν , k˜ = κ , (2.56)
swap the coordinates ψ and φ, and change the signature of the space-time to a mostly
minus one.
The ranges of the coordinates x and y are the same as those of the Emparan–Reall
solution, namely, −1 ≤ x ≤ 1 and −∞ < y ≤ −1. The solution has three parameters
µ, ν and κ. The parameter κ > 0 has the dimension of length and sets the scale of the
solution. The dimensionless parameters µ and ν are required to satisfy 0 ≤ ν ≤ µ < 1
as in the case of the Figueras black ring solution. When both these parameters vanish,
we recover the flat space in ring coordinates.
Asymptotic infinity of the Pomeransky–Sen’kov black ring solution (2.53) is located
at (x, y) → (−1,−1). Indeed, it can be explicitly seen by introducing the coordinates
(r, θ) defined by (2.22) with (2.43) and is followed by taking the limit r →∞. From the
asymptotic behaviour of the solution, the ADM mass and angular momenta can then be
read off to be
M = 3piκ
2(µ+ ν)
(1− µ)(1− ν) ,
Jψ =
2piκ3(µ+ ν)(1 + µ+ ν − 6µν + µν2 + µ2ν + µ2ν2)
(1− µν)2
√√√√ (1 + µ)(1 + ν)




√√√√µν(1 + µ)(1 + ν)
(1− µ)(1− ν) .
(2.57)
It is now clear that the Pomeransky–Sen’kov solution describes a black ring rotating
along both the S1 direction (parameterized by the coordinate ψ) as well as the S2
direction (parameterized by the coordinate φ). The balanced Emparan–Reall black ring
is recovered by setting ν = 0. However, the Figueras black ring cannot be obtained
from the Pomeransky–Sen’kov solution because the balance condition has already been
imposed to eliminate the the conical singularity in the space-time.
The horizons, an inner and an outer horizon, exist at the roots G(y) = 0, i.e.,
y− = −1/ν and y+ = −1/µ respectively. When µ = ν, the outer horizon and inner
horizon degenerate and hence this corresponds to the extremal limit. Physically, it
corresponds to the S2 rotating maximally, i.e., saturating the Kerr bound. The general
doubly rotating Myers–Perry solution cannot be recovered as a limit of the balanced
Pomeransky–Sen’kov black ring solution. However, the extremal doubly rotating Myers–
Perry solution is recovered as a limit of the extremal solution in which ν → 1, µ → 1.
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The area and temperature of the horizon are respectively
AH =
32pi2κ3µ(µ+ ν)(1 + ν)
(1− µ)(1− µν)2 ,
T = (1− µ)(1− µν)(µ− ν)8piκµ(1 + ν)(µ+ ν) .
(2.58)
Now, we turn to study the phase space structure of the Pomeransky–Sen’kov black
ring. We can fix the overall scale of the solution by fixing its mass M and the solution






= (1 + µ)(1 + ν)(1 + µ+ ν − 6µν + µν
2 + µ2ν + µ2ν2)2






= µν(1 + µ)(1 + ν)(1− µ)
2(1− ν)2












The phase space of this solution is therefore a three-dimensional one, parameterized
by (jψ, jφ, aH). To study it, we will look at its various two-dimensional cross-sections;
without loss of generality, we take jψ, jφ ≥ 0. Examining the ranges of the dimensionless
angular momenta, we have
jψ ≥ 34 , jφ ≤
1
4 . (2.60)
In particular, both angular momenta can never be equal, and the ratio jφ/jψ is less than
or equal to 1/3.
We begin by studying the (jψ, jφ) phase diagram as in Fig. 2.3. The phase space is
bounded by three curves (besides the jφ = 0 axis). They are:
1. A thin black curve, corresponding to regular extremal doubly rotating black rings.
These black rings are obtained by maximizing jφ for a fixed value of jψ. In this
limit, the reduced dimensionless angular momentum jψ and area aH can be ex-




, aH = 2
√
2 jφ . (2.61)
The curve extends from jψ = 3/4, jφ = 1/4 (as ν → 1), and the area decreases
monotonically to zero as jψ → ∞, jφ → 0 (as ν → 0). We conclude that there
always exists extremal doubly rotating black rings as long as jψ > 3/4.
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Figure 2.3: (jψ, jφ) phase diagram for the Pomeransky–Sen’kov black ring restricted to
the representative region jψ > jφ ≥ 0. The dashed line corresponds to extremal doubly
rotating Myers–Perry black holes. The upper thin black curve corresponds to regular
extremal doubly rotating black rings with degenerate horizons at maximal jφ for given
jψ. It ends on the extremal doubly rotating Myers–Perry curve at (3/4, 1/4). The lower
thick black curve corresponds to regular non-extremal rotating black rings with minimal
jψ along S1 for given jφ on S2. It ends on the extremal doubly rotating Myers–Perry
curve at (4/5, 1/5). Black rings exist in the grey-shaded regions. In the light-grey region,
there exist only thin black rings. In the dark-grey region, there exist thin and fat black
rings, and Myers–Perry black holes: there is discrete three-fold non-uniqueness.
2. A thick black curve, corresponding to regular non-extremal minimally S1 rotating
black rings. These black rings are obtained by minimising jψ for a fixed value of
jφ, which determines µ in terms of ν as
µcrit =
−1− ν2 + 6ν +
√
(1− ν)2(9ν2 + 2ν + 9)
2(1 + ν)(2− ν) . (2.62)
It turns out that this curve only exists for sufficiently small jφ: it extends between
jψ = 4/5, jφ = 1/5 (as ν → 1) and jψ =
√
27/32, jφ = 0 (as ν → 0). For
larger values of jφ, i.e., jφ > 1/5, the minimal jψ boundary will be replaced by the
following curve.
3. A dashed line, given by jψ + jφ = 1, corresponding to the so-called collapse limit of
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the black ring. In this limit, the black ring collapses to a regular extremal doubly
rotating Myers–Perry black hole, and so the dashed line is actually not part of the
black-ring phase space.
The regions of the phase space where black rings exist are shaded in grey in Fig. 2.3.
There are two distinct regions separated by the dashed line. To its left (where jψ+jφ < 1)
is a dark-grey region bounded by the thick black curve and the jφ = 0 axis. To its right
(where jψ+jφ > 1) is a light-grey region bounded by the thin black curve and the jφ = 0
axis; in this region, the black rings have the property of being “thin”. By contrast, both
“fat” and “thin” black rings co-exist in the dark-grey region. (This fact cannot be seen
from Fig. 2.3, and will only be apparent when we come to Fig. 2.4 below.)
From the phase diagram in Fig. 2.3, it is clear that the upper bound for jφ is reached
when the thin black curve meets the dashed line. This corresponds to the collapse
limit of the extremal doubly rotating black ring. At this point, it can be checked that
(jφ)max = 1/4. Note that this point also gives the lower bound for jψ: (jψ)min = 3/4. The
allowed range for jψ extends to infinity. This upper bound is achieved by the extremal
Emparan–Reall singly rotating black ring, which is actually singular [41].
We next turn to the (j2ψ, aH) phase diagram, as in Fig. 2.4, with three boundary
curves of the (jψ, jφ) plotted. In addition, there are a number of grey curves plotted.
The dark-grey curve represents the phase of the Emparan–Reall singly rotating black
ring [41], while the light-grey curves are branches of constant jφ > 0.
Each of the light-grey constant-jφ curves starts at the thin black curve and ends up
at the dashed curve. In the process, there is a cusp formed at the thick black curve.
The cusp only exists for sufficiently small jφ, namely jφ < 1/5. The fixed jφ = 1/5 curve





5) where the thick black curve of cusps ends on
the dashed curve. It is this cusp that separates the thin-ring branch from the fat-ring
branch. The totality of all these light-grey curves then gives the phase space of allowed
black rings.
On the other hand, the space traced out by all the fat-ring branches (the part of each
light-grey curve starting from the thick black curve and ending at the dashed curve) is
the subset of this total phase space corresponding to the dark-grey region of Fig. 2.3.
This is the region in which both thin and fat rings can co-exist when jφ < 1/5.
Note also that there are light-grey curves without a cusp (and therefore a fat-ring
branch); these start from the thin black curve and end up directly at the dashed curve.
Such curves only exist for sufficiently large values of jφ, namely 1/5 ≤ jφ ≤ 1/4.
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Figure 2.4: (j2ψ, aH) phase diagram for the Pomeransky–Sen’kov black ring. The dark-
grey curve shows the phase of the Emparan–Reall singly rotating black ring. The light-
grey curves are branches of constant jφ; the particular values shown are (from right












18 . As j
2
φ → 116 , its maximum value, the constant-jφ
degenerate to the point j2ψ = 9/16 and aH = 1/
√
2. Each of the light-grey constant-
jφ curve starts at the thin black curve (extremal doubly rotating black ring) and they
limit limit to the dashed curve (extremal doubly rotating Myers–Perry black hole). The
thick black curve outlines the position of the cusp of the constant-jφ curves; these are




Stationary and Axisymmetric Solutions
in Vacuum
3.1 Introduction
In this chapter, we will review the formalism and notation used in studying stationary
axisymmetric vacuum solutions. We will first derive a canonical form of the metric for
stationary and axisymmetric vacuum solutions in which the associated rod structures
are introduced. The main part of this chapter is to analyse the rod structure for some of
the well-known black hole solutions in four- and five-dimensional space-time discussed
in Chapter 2.
3.2 Canonical form of the metric
We consider a D-dimensional space-time which has (D−2) commuting linearly indepen-
dent Killing vector fields ξ(i), i = 0, . . . , D−3. With Lorentzian signature, this is known
as stationary and axisymmetric space-time where the term “stationary” means that one
of the Killing vector fields is time-like and the (D−3) space-like Killing vector fields give
the “axisymmetry” of the space-time. We also restrict ourselves to consider solutions of
D-dimensional general relativity without matter, i.e. we consider metric that solves the
vacuum Einstein’s field equations
Rµν = 0 . (3.1)
This class of solutions is known as Ricci-flat space-times.
29
§ 3.2. Canonical form of the metric
The Killing vector fields ξ(i) commute means that
[ξ(i), ξ(j)] = 0 , (3.2)
for i, j = 0, . . . , D − 3. For commuting Killing vector fields, it is always possible to
choose coordinates
{
x0, . . . , xD−3
}





for i = 0, 1, . . . , D − 3. The metric components in this coordinate system are, clearly,
independent of the Killing directions xi.
In order to introduce the canonical coordinates, it is necessary to add the following
two weak conditions:
(i) the tensor ξ[µ0(0) ξ
µ1
(1) · · · ξµD−3(D−3)∇νξρ](i) vanishes at at least one point of the space-time
for each i = 0, 1, . . . , D − 3.




(1) · · · ξµD−3](D−3) vanishes for each i = 0, 1, . . . , D − 3.
We are now concerned with a stationary axisymmetric black hole space-time and hence
set the Killing vectors ξ(0) = ∂/∂t and ξ(i) = ∂/∂φi (i = 1, . . . , D − 3) to be the
asymptotic time translation Killing vector field and the rotational Killing vector fields
with closed integral curves, respectively. The condition (ii) is guaranteed to be satisfied
for any arbitrary Ricci-flat space-time with (D − 2) commuting Killing vector fields.
Furthermore, the axial symmetry of at least one of ξ(i) (i = 1, . . . , D − 3) implies that
the condition (i) also holds on the axis of rotation (fixed point of rotation)1. With the
conditions (i) and (ii) satisfied, there is a theorem [64] which guarantees that the two-
dimensional surface orthogonal to all the commuting Killing vector fields are integrable.
We are then allowed to fix the remaining two coordinates ya (a = 1, 2) by demanding
that ∂/∂ya to be everywhere orthogonal to the Killing vector fields. In this coordinate








where the metric components Gij and gˆab depend only on the coordinates y1 and y2.
1AD-dimensional asymptotically flat space-time has at most onlyN = [(D−1)/2] commuting space-
like Killing vectors corresponding to U(1)N symmetry. Therefore, the condition (i) is only satisfied for
solutions asymptoting to Minkowski-spaceMD for D = 4, 5. The same is true for solutions asymptoting
toMD−p × T p for D − p = 4, 5.
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Defining the canonical coordinate ρ as
ρ(y1, y2) =
√
| det(Gij)| , (3.5)
it is shown in [64] that we can find a canonical coordinate z(y1, y2), along with two




gˆab dyadyb = e2γ
(
dρ2 + Λ dz2
)
. (3.6)




Gij dxidxj + e2γ
(
dρ2 + Λ dz2
)
(3.7)
where γ(ρ, z) and Λ(ρ, z) are functions of ρ and z.
By using the explicit expressions for the Ricci tensor for the metric (3.7) as given in




GijRij = − ∂ρΛ2e2γΛρ = 0 ⇒ ∂ρΛ = 0 . (3.8)
Therefore, we deduce that the function Λ is only a function of z alone, i.e. Λ = Λ(z). In
order to preserve the form of the metric (3.7), a coordinate transformation z → z′ = f(z)
can be performed and it is always possible to set Λ(z) = 1. This choice fixes the coor-
dinate z up to translations (z → z + constant). In the coordinates
{
x0, . . . , xD−3, ρ, z
}













| det(Gij)| . (3.10)
The above coordinates (xi, ρ, z) are usually referred to as Weyl–Papapetrou coordinates.
For a given ρ and z, we can view Gij as a (D− 2) by (D− 2) real symmetric matrix
with Gij as its inverse. The vacuum Einstein’s field equations Rµν = 0 for the metric


















§ 3.2. Canonical form of the metric
and














Using (3.12) together with (3.11), it can be checked that the integrability condition
∂ρ∂zγ(ρ, z) = ∂z∂ργ(ρ, z) , (3.13)
is satisfied. Thus, the problem of finding stationary and axisymmetric solutions of the
vacuum Einstein’s field equation is reduced to the problem of finding a solution G(ρ, z)
of (3.11). Given G(ρ, z), it is always possible to solve for γ(ρ, z) from (3.12) up to an
integration constant.
In four dimensions, the canonical form of the metric (3.9)-(3.10), along with the form
of the Einstein’s field equations (3.11)-(3.12), is equivalent to the so-called Papapetrou
form for the metric [106, 107]. Papapetrou found that, under certain conditions, the
metric of four-dimensional stationary and axisymmetric vacuum solutions can be written
in the form
































and the function γ(ρ, z) is a solution of















Here, ∂/∂t and ∂/∂φ are the two Killing vector fields. Since the equations (3.16) for
γ(ρ, z) are integrable, one can solve the Einstein’s field equations by first finding U(ρ, z)
and A(ρ, z) that solve (3.15), and then a γ(ρ, z) can be found that solves (3.16) up to
an integration constant. Setting D = 4, we see that by setting





with x0 = t and x1 = φ, we obtain the Papapetrou form (3.14) from (3.9). Moreover,
we see that (3.11)-(3.12) reduce to (3.15)-(3.16).
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3.3 Rod structure of static solutions
In this section, we will consider the special case when all the (D−2) Killing vector fields
are orthogonal to each other. In 2001, Emparan and Reall [45] have shown that, under
certain conditions, the metric for D-dimensional pure gravity solutions with (D − 2)
commuting orthogonal Killing vector fields can be written in the canonical form












where Ui = Ui(ρ, z), i = 0, . . . , D − 3, and γ = γ(ρ, z). Here ∂/∂xi, i = 0, . . . , D − 3,
with x0 = t, are the (D − 2) orthogonal Killing vector fields.
For the metric (3.18) to be a solution of the vacuum Einstein’s field equations, the






Ui = 0 , i = 0, . . . , D − 3 , (3.19)
which is just Laplace’s equation in an unphysical three-dimensional flat space with metric
ds2 = dρ2 + ρ2 dχ2 + dz2 , (3.20)
where the coordinate χ is a fictitious angular coordinate with period 2pi. The functions
Ui are furthermore required to obey the constraint
D−3∑
i=0
Ui = log ρ . (3.21)
Given the functions Ui, i = 0, . . . , D − 3, the function γ = γ(ρ, z) is determined, up
to a constant, by the integrable system of differential equations














Therefore, we can find solutions to the vacuum Einstein’s field equations by first solving
the Laplace’s equation (3.19) for the functions Ui, i = 0, . . . , D − 3, subject to the
constraint (3.21), and subsequently solve (3.22) to find the function γ. Solutions with
metric (3.18), along with functions Ui and γ obeying (3.19), (3.21), and (3.22), are
known as generalized Weyl solutions.
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It is important to remark that the method of generalized Weyl solutions generalizes
Weyl’s work on four-dimensional static and axisymmetric solutions [129]. Moreover,
one also obtains Weyl’s form of the metric for four-dimensional static and axisymmetric
solutions by setting A = 0 in the Papapetrou form (3.14). This is consistent with the
fact that (3.14)-(3.16) become equivalent to (3.18), (3.19), and (3.22) for D = 4 when
A = 0, with U0 = U and U1 = log ρ− U .
The canonical form of the metric (3.9) also correctly reduces to the generalized Weyl
solutions. We see that by setting G00 = −e2U0 and Gii = e2Ui for i = 1, . . . , D − 3, we
obtain the metric (3.18) from the canonical form (3.9). The constraint (3.10), detG =
−ρ2, gives then (3.21), ∑D−3i=0 Ui = log ρ. The Einstein’s field equations (3.11)-(3.12) can
be seen easily reducing to (3.19) and (3.22) respectively.
(3.19) can be seen as free Laplace’s equations for axisymmetric potentials living
in a three-dimensional flat space (3.20). Note that log ρ is the solution of Laplace’s
equation that describes the Newtonian potential produced by an infinitely long rod of
zero thickness lying along the z-axis (ρ = 0) with constant mass 1/2 per unit length
in which Newton’s gravitational constant has been set to one. Each of the solutions Ui
can also be thought of as Newtonian potentials corresponding to a rod source so the
constraint (3.21) means that these sources must add up to an infinitely long rod. The
generalized Weyl solution is hence completely determined by these sources. The sources
for Ui will sometimes be referred to as the sources for xi.
Three types of rod sources are possible: a semi-infinite rod extending to z = +∞, a
semi-infinite rod extending to z =∞ and a finite rod. In the first case of a semi-infinite
rod along [zk,+∞) with linear density δ, the potential is




ρ2 + (z − zk)2 − (z − zk) . (3.24)
In the second case, when the semi-infinite rod extends along (−∞, zk], the corresponding
potential is
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Given the linearity of Laplace’s equation, the corresponding potential of a finite rod of
density δ along [zk−1, zk] is






We now present some general observations that are useful in the interpretation of the
generalized Weyl solutions given its set of sources Ui. To start off, the constraint (3.21)
states that the sources for the different Ui’s must add up to an infinitely long rod (zero
thickness) along the z-axis with mass 1/2 per unit length. More general sources, such as
overlapping sources with other mass densities or even negative densities, typically give
rise to naked singularities on the axis of symmetry. Also, sources at ρ > 0 will lead to
naked singularities.
Assuming that only finitely many rods are present, it follows that either
1. one of the Ui’s has semi-infinite rod sources which extend to z =∞ and z = −∞;
or
2. there is one Ui with a semi-infinite rod source which extends to z =∞ and another
with a semi-infinite rod source which extends to z = −∞. All of the other Ui’s
must have bounded sources consisting of a finite number of finite rods.
If the source for Ui is bounded, then Ui must approach a constant far from the source.
It follows that xi must be a flat direction in the asymptotic region.
We now consider the behaviour near the sources. It naturally leads to two distinct
cases depending on whether xi is a time or spatial coordinate. Assume first that xi is a
time coordinate. In this case, the finite rod sources correspond to event horizons in the
space-time and the semi-infinite rod sources correspond to acceleration horizons.
On the other hand, the rod sources for a spatial coordinate xi correspond to “bolts”
which are the fixed-point sets of the orbits of ∂/∂xi. If the sources for xi extend to
infinity, then the bolt will also extend to infinity, corresponding to an axis of rota-
tional symmetry with xi acting as the azimuthal angle. This coordinate will have to be
identified with a certain period determined by the sources in order to avoid a conical
singularity. If there is more than one source, then there will be several bolts and the
appropriate periods for xi at each bolt may differ. In this case, conical singularities will
result. A final remark needs to be mentioned when the spatial coordinate xi consists
only of finite rods. Since the source is bounded, Ui must approach a constant far from
the source. This means that xi is a flat direction in the asymptotic region. It follows
that xi is most naturally interpreted as parameterizing a Kaluza–Klein circle at infinity.
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Finally, it is interesting to note that no generalized Weyl solution for D > 5 can be
asymptotically flat if it has sources of non-overlapping thin rods of density 1/2. This is
because at most two of the Ui’s have sources extending to infinity. It follows that at least
D− 4 of the xi’s will have bounded sources. If one of these is the time coordinate, then
there will be at least D− 5 spatial coordinates with bounded sources so the asymptotic
metric will have at least D − 5 compactified flat directions.
3.4 Rod structure of stationary solutions
Let us go back to the canonical form of the metric (3.9). Due to the constraint (3.10),
the product of eigenvalues of G(ρ, z) goes to zero as ρ → 0 since G(ρ, z) is required to
be continuous. Therefore, the eigenvalues of G(0, z) include zero eigenvalue as G(0, z)
is a real and symmetric matrix. It means that the dimension of the kernel of G(0, z) is
greater than or equal to one for any z, i.e., dim(ker[G(0, z)]) ≥ 1.
As explained in [64], if G(ρ, z) has more than one zero eigenvalue as ρ→ 0 for a given
z, there will be a curvature singularity at that point. Therefore, a necessary condition
for a regular solution is that G(0, z) has precisely one zero eigenvalue for a given z except
at isolated points. This means that the dimension of the kernel of G(0, z) is equal to
one for any z, i.e., dim(ker[G(0, z)]) = 1, except for isolated values of z.
We label these isolated values of z as z1, z2, . . . , zN with z1 < z2 < · · · < zN and call
the corresponding points on the z-axis, (ρ = 0, z = zi), turning points. These turning
points divide the z-axis into (N + 1) intervals (−∞, z1], [z1, z2], · · · , [zN−1, zN ], [zN ,∞).
These intervals are known as rods assigned to a given stationary and axisymmetric
solution.
It is noted that the vacuum Einstein’s field equation (3.11) fails to be satisfied as
ρ → 0 since matrix G(ρ, z) is invertible at ρ = 0. This breakdown corresponds to
additional sources at ρ = 0 to (3.11). These sources correspond precisely to the rods
defined above, i.e., the intervals with dim(ker[G(0, z)]) = 1.
In the interior of a specific rod, (ρ = 0, zk−1 < z < zk), the dimension of the kernel
of G(ρ = 0, z) is equal to one. It was further shown in [64] that the kernel is constant
















Gij(0, z)vj(k) = 0 , i = 0, . . . , D − 3 , (3.29)
for all z ∈ [zk−1, zk]. The vector v(k) is assigned to this specific rod and is called its
direction. For a given stationary and axisymmetric solution, the specification of the




, is called the (Harmark) rod
structure of the solution [64].
Clearly, since v(k) is defined as an eigenvector in (3.28), it is defined up to an arbitrary
normalization constant (different from zero) and it should be regarded as an element of
the real projective space RPD−3.
In the definition of the direction of rod (3.28), it is defined as a Killing vector field
of the space-time written in the basis consisting of the (D − 2) linearly independent
and mutually commuting Killing vector fields ξ(i) of the space-time. Sometimes, the
direction of the rod v(k) is also referred to as the associated Killing vector field of the
rod [zk−1, zk].









(k) = 0 . (3.30)
As shown in [64], we have, to leading order,
|v(k)|2 = ±ρ2a(z) , e2γ = c2a(z) , (3.31)






which is a constant in the interior of a rod. If it is negative, positive or zero, the rod is
said to be time-like, space-like or null-like respectively.
For a time-like rod, it represents a Killing horizon and the associated Killing vector
field v(k) becomes null on the rod. Moreover, if v(k) is normalized so that its coefficient
along the asymptotic time-translation generator ξ(0) = ∂/∂t is one, i.e. v0(k) = 1, the other
components then correspond to the angular velocities of the horizon. For example, at a
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where Ωi is the angular velocity along xi = φi on the horizon. The surface gravity on







It can then be easily seen that the Killing vector field v(k)/κ has unit surface gravity on
the horizon.
For a space-like rod, the zero-norm of the associated Killing vector field v(k) translates
into the presence of fixed points of the v(k) on the rod. This corresponds to a potential
conical singularity unless the orbit generated by the associated Killing vector field v(k) =
∂/∂η (the direction of the rod) is identified with periodicity











The Killing vector field v(k)/κE will then have unit Euclidean surface gravity on the
rod and its orbit should be identified with 2pi periodicity in order to avoid a potential
canonical singularity along the rod.
With the presence of several space-like rods, it may be impossible to satisfy simul-
taneously all the periodicity conditions. The physical interpretation is that the forces
among objects in the configuration cannot be balanced and as a result, conical singu-
larities appear in the space-time. Moreover, to prevent close time-like curves, one must
require that the directions of the space-like rods do not contain a time component. The
presence of closed time-like curves (if they occur outside the horizon), is usually regarded
as pathological in the space-time.
3.5 Rod structure of various known solutions
In this section, we will discuss the rod structure for some well-known solutions in five
dimensions, namely, the doubly rotating Myers–Perry black, Emparan–Reall black ring,
Figueras black ring and Pomeransky–Sen’kov black ring.
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3.5.1 Five-dimensional Myers–Perry black hole
The five-dimensional doubly rotating Myers–Perry solution in Boyer-Lindquist coordi-
nates (t, ψ, φ, r, θ) is given in (2.7). It has an isometry group of R × U(1)2, where R
corresponds to the flow of time, and the two U(1)’s correspond to the two asymptotic
axes parameterised by the coordinates ψ and φ. The three linearly independent and











We now transform this metric to the canonical form (3.9). We first compute that
detG = −14
[
(r2 + a2)(r2 + b2)− 2mr2
]
sin2(2θ) , (3.38)
and the canonical coordinate ρ can then be determined from the constraint (3.10). To
find the canonical coordinate z, we first observe that both the metric components gρz
































Figure 3.1: The rod structure of the five-dimensional doubly rotating Myers–Perry black
hole. The location of each rod is indicated below it, while the direction of each rod is
indicated above it. The arrow on the horizon rod indicates that its direction vector has
components in the ψ and φ directions as well.
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The coordinate transformation from the Boyer–Lindquist coordinates (r, θ) to the
Weyl–Papapetrou coordinates (ρ, z) is obtained as follows:
ρ = 12
√
(r2 + a2)(r2 + b2)− 2mr2 sin 2θ ,
z = 14
[




The rod structure has two turning points located at (ρ = 0, z = z1 ≡ −α) or (r =
r+, θ = pi/2), and (ρ = 0, z = z2 ≡ α) or (r = r+, θ = 0), respectively, where
α = 14
√
(2m− a2 − b2)2 − 4a2b2 , (3.41)
and r± are locations of horizons defined in (2.9). These turning points partition the
z-axis into three rods; from left to right they are:
• Rod 1: a semi-infinite space-like rod at (ρ = 0, z ≤ z1) or (r ≥ r+, θ = pi/2), with
normalised direction v(1) = (0, 0, 1).
• Rod 2: a finite time-like rod at (ρ = 0, z1 ≤ z ≤ z2), or (r = r+, 0 ≤ θ ≤ pi/2),












• Rod 3: a semi-infinite space-like rod at (ρ = 0, z ≥ z2) or (r ≥ r+, θ = 0), with
normalised direction v(3) = (0, 1, 0).
This rod structure is shown schematically in Fig. 3.1.
Rods 1 and 3 are space-like and they represent the two asymptotic axes of the five-
dimensional doubly rotating Myers–Perry black hole. Rod 2 is time-like and represents
the black hole event horizon. The black hole is rotating with two angular velocities
Ωψ and Ωφ along the ψ- and φ-directions, respectively, with a surface gravity κ on the
horizon. The topology of the event horizon is an S3 since the Rod 2 has space-like rods
on each side with different Killing vector fields ξ(3) and ξ(2) vanish respectively. Now,
it is clear that the five-dimensional Myers–Perry solution describes a doubly rotating
black hole in an asymptotically flat space-time. Furthermore, it can be checked directly




4 TAH + ΩψJψ + ΩφJφ . (3.43)
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3.5.2 Emparan–Reall black ring
The Emparan–Reall singly rotating black ring solution in C-metric coordinates is given
in (2.16). This solution has the same isometry group as the five-dimensional doubly
rotating Myers–Perry black hole. We take the three linearly independent and mutually











To transform the metric into the canonical form (3.9), we first compute that
detG = −4κ
4(1− x2)(y2 − 1)(1 + µx)(1 + µy)
(x− y)4 , (3.45)
from which the canonical coordinate ρ can be determined. Observing that both metric



































Figure 3.2: The rod structure of the Emparan–Reall unbalanced singly rotating black
ring.
The Weyl–Papapetrou coordinates (ρ, z) are related to the C-metric coordinates
(x, y) in (2.16) by
ρ2 = 4κ
4(1− x2)(y2 − 1)(1 + µx)(1 + µy)
(x− y)4 ,
z = κ




§ 3.5. Rod structure of various known solutions
The rod structure has three turning points located at (ρ = 0, z = z1 ≡ −µκ2) or (x =
−1, y = −1/µ), (ρ = 0, z = z2 ≡ µκ2) or (x = 1, y = −1/µ), and (ρ = 0, z = z3 ≡ κ2) or
(x = 1, y = −1), respectively. These turning points partition the z-axis into four rods;
from left to right they are:
• Rod 1: a semi-infinite space-like rod at (ρ = 0, z ≤ z1) or (x = −1,−1/µ ≤ y <
−1), with normalised direction v(1) = (0, 0, 1).
• Rod 2: a finite time-like rod at (ρ = 0, z1 ≤ z ≤ z2) or (−1 ≤ x ≤ 1, y = −1/µ),
with normalised direction v(2) = 1κ(1,Ωψ, 0) where
κ = (1− λ)(1 + µ)4κ
√√√√ 2(1− λ)




λ(1 + λ) . (3.48)
• Rod 3: a finite space-like rod at (ρ = 0, z2 ≤ z ≤ z3) or (x = 1,−1/µ ≤ y ≤ −1),






1 + λ . (3.49)
• Rod 4: a semi-infinite space-like rod at (ρ = 0, z ≥ z3) or (−1 < x ≤ 1, y = −1),
with normalised direction v(4) = (0, 1, 0).
This rod structure is shown schematically in Fig. 3.2.
Rods 1 and 4 are space-like and they represent the two asymptotic axes of the space-
time. Rod 2 is time-like which corresponds to the black hole event horizon with topology
S2×S1. This follows from the fact that Rod 2 has space-like rods on each side with the
same Killing vector field ξ(3) vanish so that the S2 is parameterised by the coordinates
z and φ while the S1 is parameterised by the coordinate ψ. The black hole is rotating
with a single angular velocity Ωψ along the ψ-direction with a surface gravity κ on the
horizon. Rod 3 is space-like; in general, there will be a conical singularity present in
the space-time along this rod. To eliminate the conical singularity, we need to make the
normalised direction v(3) become (0, 0, 1) like that of Rod 1, i.e.,
κE = 1 ⇒ λ = 2µ1 + µ2 , (3.50)
which is the balance condition in (2.27). It is clear by now that the Emparan–Reall
solution describes a black ring, with a conical singularity, rotating in the ψ direction
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in an asymptotically flat space-time. Furthermore, it can be checked directly that this




4 TAH + ΩψJψ . (3.51)
3.5.3 Figueras black ring
The rod structure of the Figueras singly rotating black ring can be analysed similarly as

















Figure 3.3: The rod structure of the Figueras unbalanced singly rotating black ring.
The Weyl–Papapetrou coordinates (ρ, z) are related to the C-metric coordinates
(x, y) in (2.37) by
ρ2 = 4κ
4(1− x2)(y2 − 1)(1 + µx)(1 + µy)(1 + νx)(1 + νy)
(1− µν)2(x− y)4 ,
z = κ
2(1− xy) [2 + (µ+ ν)(x+ y) + 2µνxy]
(1− µν)(x− y)2 .
(3.52)
The rod structure has three turning points located at (ρ = 0, z = z1 ≡ − µ−ν1−µνκ2) or
(x = −1, y = −1/µ), (ρ = 0, z = z2 ≡ µ−ν1−µνκ2) or (x = 1, y = −1/µ), and (ρ = 0, z =
z3 ≡ κ2) or (x = 1, y = −1), respectively. These turning points partition the z-axis into
four rods; from left to right they are:
• Rod 1: a semi-infinite space-like rod at (ρ = 0, z ≤ z1) or (x = −1,−1/µ ≤ y <
−1), with normalised direction v(1) = (0, 0, 1).
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• Rod 2: a finite time-like rod at (ρ = 0, z1 ≤ z ≤ z2) or (−1 ≤ x ≤ 1, y = −1/µ),
with normalised direction v(2) = 1κ(1, 0,Ωφ) where
κ = µ− ν4κµ(µ+ ν)
√
2(1 + µ)(1− µν)





µ+ ν . (3.53)
• Rod 3: a finite space-like rod at (ρ = 0, z2 ≤ z ≤ z3) or (x = 1,−1/µ ≤ y ≤ −1),
with normalised direction v(3) = 1κE (0, 0, 1) where
κE =
√√√√ (1 + µ)(1 + ν)
(1− µ)(1− ν) . (3.54)
• Rod 4: a semi-infinite space-like rod at (ρ = 0, z ≥ z3) or (−1 < x ≤ 1, y = −1),
with normalised direction v(4) = (0, 1, 0).
This rod structure is shown schematically in Fig. 3.3.
Rods 1 and 4 are space-like and they represent the two asymptotic axes of the space-
time. Rod 2 is time-like which corresponds to the black hole event horizon with topology
S2×S1. This follows from the fact that Rod 2 has space-like rods on each side with the
same Killing vector field ξ(3) vanishing so that the S2 is parameterised by the coordinates
z and φ while the S1 is parameterised by the coordinate ψ. The black hole is rotating
with a single angular velocity Ωφ along the φ-direction with a surface gravity κ on
the horizon. Rod 3 is space-like and there will be a conical singularity present in the
space-time along this rod. Unlike the case of the Emparan–Reall solution, the conical
singularity cannot be eliminated. It is clear by now that the Figueras solution describes
a black ring, with a conical singularity, rotating in the φ direction in an asymptotically





4 TAH + ΩφJφ . (3.55)
3.5.4 Pomeransky–Sen’kov black ring
The rod structure of the Pomeransky–Sen’kov black ring shares many common features
as the Emparan–Reall and Figueras solutions discussed earlier.
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Figure 3.4: The rod structure of the Pomeransky–Sen’kov doubly rotating black ring.
The Weyl–Papapetrou coordinates (ρ, z) are related to the C-metric coordinates
(x, y) in (2.53) by (3.52) which we reproduce below for clarity:
ρ2 = 4κ
4(1− x2)(y2 − 1)(1 + µx)(1 + µy)(1 + νx)(1 + νy)
(1− µν)2(x− y)4 ,
z = κ
2(1− xy) [2 + (µ+ ν)(x+ y) + 2µνxy]
(1− µν)(x− y)2 .
(3.56)
The rod structure has three turning points located at (ρ = 0, z = z1 ≡ − µ−ν1−µνκ2) or
(x = −1, y = −1/µ), (ρ = 0, z = z2 ≡ µ−ν1−µνκ2) or (x = 1, y = −1/µ), and (ρ = 0, z =
z3 ≡ κ2) or (x = 1, y = −1), respectively. These turning points partition the z-axis into
four rods; from left to right they are:
• Rod 1: a semi-infinite space-like rod at (ρ = 0, z ≤ z1) or (x = −1,−1/µ ≤ y <
−1), with normalised direction v(1) = (0, 0, 1).
• Rod 2: a finite time-like rod at (ρ = 0, z1 ≤ z ≤ z2) or (−1 ≤ x ≤ 1, y = −1/µ),
with normalised direction v(2) = 1κ(1,Ωψ,Ωφ) where










µ(1 + µ)(1 + ν) .
(3.57)
• Rod 3: a finite space-like rod at (ρ = 0, z2 ≤ z ≤ z3) or (x = 1,−1/µ ≤ y ≤ −1),
with normalised direction v(3) = (0, 0, 1).
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• Rod 4: a semi-infinite space-like rod at (ρ = 0, z ≥ z3) or (−1 < x ≤ 1, y = −1),
with normalised direction v(4) = (0, 1, 0).
This rod structure is shown schematically in Fig. 3.4.
Rods 1 and 4 are space-like and they represent the two asymptotic axes of the space-
time. Rod 2 is time-like which corresponds to the black hole event horizon with topology
S2 × S1. The black hole is rotating with angular velocities Ωψ and Ωφ along the ψ- and
φ-directions respectively with a surface gravity κ on the horizon. Rod 3 is space-like
and it already has a canonically normalised direction (0, 0, 1) as the Rod 1. As a result,
there is no conical singularity in the space-time. It is clear by now that the Pomeransky–
Sen’kov solution describes a regular black ring rotating along two independent directions









In Chapter 2, we exemplified some exact black hole solutions. Higher dimensional gravity
possesses a richness compared to four dimensional one as seen in the case for black rings.
The most reliable route for a better understanding of higher-dimensional gravity is to
study the exact solutions. The black ring has tempted us to speculate that other black
hole solutions would exist.
Finding exact black hole solutions is of significance in its own right since black hole
physics starts with discoveries of exact solutions. However, it is well known that it is
very difficult to solve the Einstein field equations directly since the equations are second
order non-linear partial differential equations in nature. Nevertheless, it is still possible
to find exact solutions in a systematic manner for a space-time with sufficient symmetries
in four-dimensional general relativity. The techniques of solution generating methods
are not special to Einstein field equations but are applicable to a wide variety of physical
systems. In fact, several of them come from outside relativity.
Geroch [56, 57] initiated the use of generating techniques in the space-time with
Killing vectors. The key idea is the dimensional reduction, similar to the Kaluza–Klein,
into a lower dimensional sigma-model coupled to gravity. A further breakthrough was
carried out by Belinsky and Zakharov, who utilized the inverse scattering method (ISM)
for the analysis of the Ernst equation [11, 10, 9]. At the same time, the works of
Neugebauer [103] and Harrison [67] unfolded the symmetries of the Ernst equation and
applied the Bäcklund transformation. These solitonic techniques enable us to generate
an infinite number of new solutions, in principle, after infinitely many iterations. In this
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chapter, we will focus our studies on the inverse scattering method.
The ISM was first proposed in the 1960s [55] as a method of solving the Korteweg-de-
Vries shallow water equations. These equations were of interest because certain solutions
exhibited the first known examples of soliton waves. Solitons are special because they
behave in many respects like an extended particle: they have a finite and localised energy,
a characteristic propagation velocity, and a structure that is resistant to dissipation [9].
It wasn’t long before solitonic solutions were found to other non-linear equations, such
as the sine-Gordon and the non-linear Schrödinger equations.
In the late 1970s, the ISM was extended to general relativity to solve the vacuum Ein-
stein field equations for space-times that admit an orthogonally transitive two-parameter
group of isometries [11, 10, 96]. In practice, this usually means that the metric only
depends on two coordinates. Metrics of this form encompass a wide variety of physical
situations but the most pertinent solutions, for the purpose of this work, are station-
ary axisymmetry solutions. These solutions have cylindrical symmetric and (D − 2)
commuting Killing vectors, so are ideal for use with the inverse scattering method.
The basic idea behind the ISM in the gravitational context is to generate new solu-
tions given a previously known one. The starting solution is known as the seed solution.
The new solutions, generated after applying the ISM, are known as soliton solutions
of the gravitational field or gravitational solitons for short. This name may be a lit-
tle misleading as the gravitational solitons only share some, if any, of the properties of
conventional solitons in other non-linear contexts.
One of the interesting features of the ISM is that it provides a practical and useful
algorithm for direct and explicit computations of new solutions from the old ones. Even
so, it is impossible to generate all possible solutions to Einstein field equations from the
ISM. This is because the newly generated solutions depends heavily upon the starting
seed solution, so new solutions tend to share many of the properties of the seed solution.
Even given this limitation, the ISM has been successfully used to generate many new
solutions to vacuum Einstein field equations recently. These new solutions include, but
are not limited to, the doubly rotating black rings [109, 19], the black saturn [38], the
bicycling black ring solution [40], the black rings on Taub-NUT solution [24] and the
black lens solution [48, 21]. The ISM has also been used to re-derive solutions that
were previously calculated using different methods, such as the five-dimensional doubly
rotating Myers–Perry solution [102], the singly rotating black ring solution [44, 46], the
di-ring solution [49] and the Kerr-NUT solution.
In this chapter, we will first give a review on the ISM algorithm for generating new
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solutions. We will then provide some details on the ISM construction for a few well-
known solutions including the five-dimensional doubly rotating Myers–Perry solution,
the Emparan–Reall singly rotating black ring solution, the Figueras singly rotating black
ring solution and the Pomeransky–Sen’kov doubly rotating black ring solution.
4.2 Review of inverse scattering method
As reviewed in Chapter 3, for a D-dimensional space-time admitting (D−2) commuting
linearly independent Killing vectors, the metric satisfying the vacuum Einstein field
equations takes the canonical form given in (3.9). The vacuum Einstein field equations
are divided into two groups, namely (3.11) for a (D − 2) by (D − 2) real symmetric
matrix G(ρ, z) with a constraint
detG = −ρ2 , (4.1)
and (3.12) for the conformal factor e2γ(ρ,z).
Defining two (D− 2)× (D− 2) real square matrices U(ρ, z) and V (ρ, z) as follows:
U = ρ (∂ρG)G−1 , V = ρ (∂zG)G−1 , (4.2)
the vacuum Einstein field equations become
∂ρU + ∂zV = 0 , (4.3)
and









4ρ Tr (UV ) . (4.5)
The integrability condition for γ is ∂ρ∂zγ = ∂z∂ργ and is automatically satisfied if G

















where (4.3) has been used to give ∂ρU = −∂zV . A little further manipulation shows
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which proves that equations (4.3)-(4.5) satisfy the integrability condition. This means
that once a solutionG(ρ, z) is found from (4.3), γ(ρ, z) can be found by direct integration.
The immediate goal is to solve the partial differential equations (4.3) which cannot
be solved easily on account of its non-linearity. As (4.3) and (4.1) form a completely
integrable system, one can find a set of spectral equations, known as “Lax pair”, whose
compatibility conditions are exactly (4.3) and (4.1). This line of argument was first
developed by Belinsky and Zakharov [11, 10]. Introducing two differential operators as
D1 ≡ ∂z − 2λ
2
λ2 + ρ2 ∂λ , D2 ≡ ∂ρ +
2λρ
λ2 + ρ2 ∂λ , (4.8)
where λ is a complex spectral parameter independent of ρ and z, it is easy to show that
these operators commute, namely
[D1, D2] ≡ D1D2 −D2D1 = 0 . (4.9)




λ2 + ρ2 Ψ , D2Ψ =
ρU + λV
λ2 + ρ2 Ψ , (4.10)
where the matrix Ψ is known as the generating matrix in this context.
Since the operators D1 and D2 commute, namely [D1, D2] = 0, the compatibility
conditions for (4.10) are then given by
[D1, D2]Ψ =
1
λ2 + ρ2 {λ (∂ρU + ∂zV ) + V + ρ (∂zU + ∂ρV ) + [U, V ]}Ψ = 0 . (4.11)
We observe that the term proportional to λ in (4.11) is simply the vacuum Einstein field
equation (4.3). Indeed, by setting λ = 0 in (4.10), we reproduce the vacuum Einstein
field equation (4.3) with “initial condition”
G(ρ, z) = Ψ(λ = 0; ρ, z) . (4.12)
On the other hand, the remaining terms in (4.11) correspond to the integrability condi-
tion that follows from the definitions of U and V in (4.2). Thus, it is guaranteed that
the solution of the system (4.10) yields a solution of the original non-linear system (4.3).
It deserves to be emphasized that the second order non-linear partial differential
equations, namely the vacuum Einstein field equations (4.3), reduce to a pair of first-
order partial differential equations (4.10). The direct or the inverse scattering problem
of (4.10) is still hard to tackle in general. However, in a number of non-linear wave
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physics, it is well known that a special class of solutions for which the direct and inverse
scattering problems are solved in the analytic form. These solutions are called solitons.
The behaviour of the eigenfunctions Ψ are completely determined by the pole structure
in a complex λ-plane.
Since the Lax pair of equations (4.10) are linear, an infinite number of solutions can
be generated from known ones following a purely algebraic procedure. The first step in
the construction of new solutions is to start with a particular initial condition G0(ρ, z)
of (4.10) given by the solution of (4.3). Given G0, we can obtain the corresponding
matrices U0 and V0 by using (4.2), and the generating matrix Ψ0 by integrating the
Lax-pair equations (4.10). We shall call the known solution G0 the seed solution.
Now, we are going to seek a new solution of the form
Ψ = χΨ0 , (4.13)
where χ ≡ χ(λ; ρ, z) is known as the dressing matrix. Substituting (4.13) into the
Lax-pair equations (4.10), we obtain equations for χ:
D1χ =
ρV − λU
λ2 + ρ2 χ− χ
ρV0 − λU0
λ2 + ρ2 , D2χ =
ρU + λV
λ2 + ρ2 χ− χ
ρU0 + λV0
λ2 + ρ2 . (4.14)
To ensure that the solution G(ρ, z) is real, we need to demand the reality of χ in the
real axis of the complex λ-plane which implies that
χ∗(λ∗; ρ, z) = χ(λ; ρ, z) , Ψ∗(λ∗; ρ, z) = Ψ(λ; ρ, z) , (4.15)
where an asterisk denotes complex conjugation. In order to guarantee that the solution
G(ρ, z) is symmetric, we need to demand the following condition [110]:








It follows from (4.13) and (4.16) that the dressing matrix χ asymptotes to the unit
matrix I as λ→∞, i.e.,
χ(λ→∞; ρ, z) = I ⇒ G = χ(λ = 0; ρ, z)G0 , (4.17)
which is consistent to the initial condition (4.12).
In general, there are N simple poles on the complex λ-plane, so the dressing matrix
takes the form [11, 10, 9]:




λ− µ˜k(ρ, z) , (4.18)
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where the residue matrix Rk and positions of poles µ˜k depend on the coordinates ρ and
z. Each position of the pole µ˜k corresponds to a soliton and the number of poles N is
the number of solitons. The dressing matrix (4.18) corresponds to adding N new poles
to the seed solution Ψ0.
Substituting (4.18) into (4.14) and requiring these equations to be satisfied at the
poles λ = µ˜k(ρ, z), it can be seen that these equations explicitly determine the depen-
dence of the positions of the poles on the coordinates ρ and z, i.e. the functions µ˜k(ρ, z).
It follows that the right sides of resulting equations at the poles λ = µ˜k have only
first order poles, whereas the left hand sides, D1χ and D2χ, have second order poles.














The solutions of (4.19) are the roots of the quadratic equation
µ˜2k + 2(z − zk)− ρ2 = 0 , (4.20)
where zk are N real constants specifying the positions of the solitons on the z-axis. For
each zk, there are two roots for (4.20), namely
µ˜k = µk ≡ +
√
ρ2 + (z − zk)2 − (z − zk) ,
µ˜k = µk ≡ −
√
ρ2 + (z − zk)2 − (z − zk) ,
(4.21)
where µkµk = −ρ2. The plus-branch µk is called a soliton, while the minus-branch µk
is an anti-soliton. The phrases adding and removing solitons or anti-solitons refers to
putting in or taking away, the poles corresponding to the solitons or anti-solitons to or
from the equation for the dressing matrix.
In addition to the N real constants zk, an N -soliton transformation is determined
by N arbitrary constant real (D − 2)-dimensional row vectors m(k)0 . These row vectors
m
(k)
0 are known as BZ vectors after Belinski and Zakharov who first proposed the inverse
scattering method in the gravitational case. The components of m(k)0 are known as BZ
parameters which are the crucial new data determining the rod directions of the new
solution G.
To give the solution for the residue matrix Rk, we first define a set of N (D − 2)-
dimensional row vectors in terms of the generating matrix Ψ0 formed from the seed
solution G0 and the BZ vectors m(k)0 [11, 10, 9]:
m(k) = m(k)0 [Ψ0(λ = µ˜k; ρ, z)]
−1 . (4.22)
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where L(`) is another set of (D − 2)-dimensional row vectors defined as
L(`) = m(`)G0 . (4.26)
Finally, we can write the new solution G(ρ, z) as
G(ρ, z) = Ψ(λ = 0; ρ, z) = χ (λ = 0; ρ, z) Ψ(λ = 0; ρ, z) , (4.27)
or,
Gab = χ(λ = 0; ρ, z)ad (G0)db , (4.28)
which gives explicitly








To summarize, given a seed solution G0, assuming that one can construct the corre-
sponding generating matrix Ψ0, the new solution G is completely determined by data
consisting of the soliton or anti-soliton positions zk and their BZ vectors m(k)0 .
By construction, the final G-matrix in (4.29) is symmetric. However, it is not guar-








with detG0 = −ρ2. One can deal with this problem and obtain a physical solution G(ph)
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The conformal factor e2γ can also be constructed with the conformal factor of the seed

















 det Γ . (4.32)
where C is an integration constant.
In four dimensions, this method of normalization of G-matrix as in (4.31) works
well and allows one to construct, for instance, (multi) Kerr-NUT solutions from flat
Minkowski space-time. However, recall that regularity requires that individual rod den-
sities, and not just their sums, be exactly equal to 1/2. Observe that (4.30) only in-
cludes solitons and anti-solitions with regular densities ±1/2, while the fractional power
in (4.31) introduces rods with fractional densities 1/(D−2). As a consequence, in higher
dimensions D > 4, the above normalization will always result in curvature singularities
on the rod.
Fortunately, a clever way out of this problem was proposed by Pomeransky [110].
The key observation is that the determinant of G does not depend on the BZ vectors
m
(k)
0 . Therefore, if one first removes solitons (or anti-solitons) with a certain choice
of BZ vectors and then add back the solitons (or anti-solitons) at the same positions
with different BZ vectors, the final metric will be different from the seed one but its
determinant will be unchanged. Here, the operation of removing a soliton (or anti-
soliton) refers to the operation of adding an anti-soliton (or soliton) at the same position.
The question is then to know how, in practice, one removes solitons or anti-solitons.
In the simplest setting, one starts from a static and hence diagonal seed solution,






















2,2 · · ·










k,2 · · ·
, · · ·
 , (4.33)
where it is assumed that the k-th component has a factor of ρ2. The notation µ(n)p,q (or
µ(d)p,q) refers to the q-th soliton appearing in the numerator (or denominator) of the p-th
component of the matrix G0. Integrating (3.12) with (4.33), the conformal factor e2γ0






























































§ 4.3. Construction of Myers–Perry black hole
where k is an integration constant.
A method for constructing the diagonal seed corresponding to a given rod structure
is given as follows. First, we put a minus sign to t-t component and put a ρ2 to the
numerator of the corresponding diagonal component having a rod at the leftmost end
(z = −∞) of the rod structure. Next, starting from the leftmost end, we add a soliton
µk to the numerator of the corresponding diagonal component if a rod with linear mass
density +1/2 starts at z = zk or if a rod with linear mass density −1/2 ends at z =
zk. Similarly, we add a soliton µk to the denominator of the corresponding diagonal
component if a rod with linear mass density +1/2 ends at z = zk, or if a rod with linear
mass density −1/2 starts at z = zk.
One of the advantages of starting from a diagonal seed G0 is that the corresponding
matrix Ψ0 can be solved easily from (4.14). The matrix Ψ0 can be constructed directly
by the following substitution in the matrix G0: µk → µk − λ, ρ2 → ρ2 − 2zλ − λ2,
ρ2/µk → ρ2/µk + λ.
Following the step suggested by Pomeransky [110], we remove at rod junction z = zk
solitons (or anti-solitons) with trivial BZ vectors m(k)0 = ξ(a) aligned with the directions
of one of the rods that intersect at the corresponding rod junction. For each soliton
(or anti-soliton) removed, one can see that this procedure amounts to multiplying the
diagonal component (G0)aa of the seed solution by a factor −µ2k/ρ2 (or, −ρ2/µ2k, in the
case of an anti-soliton) while leaving all the other components unchanged. We denote
the resulting matrix as G˜0.
We now take this new matrix G˜0 as the seed on which to add the same soliton (or
anti-soliton) but with non-trivial BZ vectors m˜(k)0 . Each m˜
(k)
0 differs from m
(k)
0 by one
more non-vanishing component along the direction of the other rod that intersects at the
corresponding rod junction. These new components are the new parameters introduced
in the resulting metric G. The conformal factor e2γ of the new solution is obtained as
e2γ = e2γ0 det Γdet Γ0
, (4.35)
where the matrices Γ0 and Γ are obtained from (4.23) using G0 and G respectively.
4.3 Construction of Myers–Perry black hole
In this section, we will outline some details on constructing five-dimensional doubly
rotating Myers–Perry black hole solution using inverse scattering method.
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Figure 4.1: The rod sources of the seed solution for the doubly rotating Myers–Perry
black hole. The thin lines denote the z-axis and the thick lines denote rod sources of
mass 12 per unit length along this axis. Small circles represent the operations of removing
solitons from the seed, each with a BZ vector having a single non-vanishing component
along the coordinate that labels the z-axis where the circle is placed.
To start off, as suggested by Pomeransky [110], we will use the five-dimensional














ρ2 + (z − zi)2− (z− zi), Rij ≡ ρ2 +µiµj, and k is an arbitrary integration
constant to be fixed by requiring asymptotic flatness. The rod structure of the seed
solution is shown in Fig. 4.1.
The inverse scattering procedure leading to the five-dimensional doubly rotating
Myers–Perry black hole solution is a 2-soliton transformation. Firstly, we remove a
soliton at each of z1 and z2, with trivial BZ vectors m(1)0 = (0, 0, 1) and m
(2)
0 = (1, 0, 0)
respectively. The above operations yield the new (unphysical) G-matrix:


















Secondly, the matrix G˜0 is the one we now dress by adding back a soliton at each of
z1 and z2 but this time with non-trivial BZ vectors m˜(1)0 = (C1, 0, 1) and m˜
(2)
0 = (1, C2, 0)
respectively. Here, C1 and C2 are the BZ parameters which are related to the physical
parameters of the final solution. To carry out the above operations, an intermediate
step is to write the generating matrix Ψ˜0 associated to G˜0. It is given by
Ψ˜0 = diag
{
(µ1 − λ)(µ2 − λ)
ρ2 − 2λz − λ2 , µ2 − λ ,−µ1 + λ
}
, (4.38)
where λ is a spectral parameter. One can then easily follow the rest of the procedure to
obtain the final matrix G.
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To complete the construction, we need to calculate the conformal factor e2γ. It can
be shown that the ratio of the new conformal factor to the old one is proportional to the
determinant of the Γ-matrix as defined in [110], and it depends on the BZ parameters
only through this determinant. Observe that in the above steps the non-trivial BZ
parameters (C1, C2) only appear in the Γ-matrix of the step when adding back the
solitons. If we set (C1 = 0, C2 = 0) so that the same solitons are first removed and
then added back, we should be able to recover the original seed solution. It is then not
difficult to see that
e2γ = e2γ0 det Γ(C1, C2)det Γ(C1 = 0, C2 = 0)
, (4.39)
where the Γ-matrix here is that corresponding to the step when adding back solitons.
At this stage, the result (G, e2γ) is the final solution. To simply these metric compo-
nents, it is convenient to use prolate spherical coordinates (x, y). The coordinate trans-




(x2 − 1)(1− y2) , z = αxy , (4.40)
where α > 0 is a constant. The ranges of the coordinates x and y are respectively
x ≥ 1 , −1 ≤ y ≤ 1 . (4.41)
With the choice of turning points z1 = −α and z2 = α, we have
µ1 =
√
ρ2 + (z + α)2 − (z + α) = α(x− 1)(1− y) ,
µ2 =
√
ρ2 + (z − α)2 − (z − α) = α(x+ 1)(1− y) .
(4.42)
Using (4.40) and (4.42), we can express G and e2γ in terms of the prolate spherical
coordinates. The 2-dimensional part of the metric can be written as
dρ2 + dz2 = α2(x2 − y2)
[
dx2





We now analyse the rod-structure of the solution (G, e2γ). We take the three linearly











The rod structure has two turning points located at (ρ = 0, z = z1 ≡ −α) or (x = 1, y =
−1) and (ρ = 0, z = z2 ≡ α) or (x = 1, y = 1). These two turning points partition the
z-axis into three rods; from left to right they are:
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• Rod 1: a semi-infinite space-like rod at (ρ = 0, z ≤ z1) or (x ≥ 1, y = −1) with
normalised direction
v(1) = k (2αC1, C1C2, 1) . (4.45a)











• Rod 3: a semi-infinite space-like rod at (ρ = 0, z ≥ z2) or (x ≥ 1, y = 1) with
normalised direction
v(3) = k (−2C2, 1, C1C2) . (4.45c)
Rods 1 and 3 are space-like and they represent the two asymptotic axes of the space-
time. Observe that both rods 1 and 3 do not have the standard orientation [22], and
their orbits do not have standard periodicities of 2pi.
The next step involves rotating the solution to standard orientation where the first
and last space-like rods have normalised directions (0, 0, 1) and (0, 1, 0), respectively.
This will ensure that the metric takes a simple diagonal form at infinity, and is accom-








Here, K1 and K3 are the original directions of the first and last space-like rods respec-




These rod-directions (not normalised to have unit surface gravity) are given by
K1 = (2αC1, C1C2, 1) , K3 = (−2C2, 1, C1C2) . (4.48)




Now, we define the following three parameters:
m =
√√√√(1 + αC21)(α + C22)
1− C21C22
, a = 2C2√
1− C21C22
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These parameters are not independent:
α = 14
√
(2m− a2 − b2)2 − 4a2b2 . (4.51)
In this way, we obtain the following expressions for G′ and e2γ in prolate spherical
coordinates [64]:
G′11 = −
4αx+ (a2 − b2)y − 2m




4αx+ (a2 − b2)y + 2m ,
G′13 = −
2mb(1 + y)











4αx+ 2m+ a2 − b2 + 4ma
2(1− y)







4αx+ 2m− a2 + b2 + 4mb
2(1 + y)
4αx+ (a2 − b2)y + 2m
]
,
e2γ = 4αx+ (a
2 − b2)y + 2m
8α2(x2 − y2) .
(4.52)
In order to recover the metric for the doubly rotating Myers–Perry black hole solu-
tion in Boyer-Lindquist coordinates as given in (2.7), we need to perform the following
coordinate transformation:
x = 2r
2 + a2 + b2 − 2m√
(2m− a2 − b2)2 − 4a2b2




z1 z2 z3 z4
Figure 4.2: The rod sources of the alternative seed solution for the doubly rotating
Myers–Perry black hole. The thin lines denote the z-axis and the thick lines denote rod
sources of mass 12 per unit length along this axis. The dashed horizontal line denotes
a rod source with negative mass density −12 . Small circles represent the operations of
removing solitons from the seed, each with a BZ vector having a single non-vanishing
component along the coordinate that labels the z-axis where the circle is placed.
It is worth to note that the above seed solution (4.36) is not the only possibility
to construct five-dimensional doubly rotating Myers–Perry black hole solution from the
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inverse scattering method. Recently, another possible seed, whose rod structure is shown
in Fig. 4.2), was considered in [84] . This alternative seed is singular and its explicit

















A 2-soliton transformation is required to generate the five-dimensional doubly rotating
Myers–Perry black hole solution from this alternative seed solution. We will only outline
the inverse scattering construction briefly below:
1. Remove a soliton at each of z1 and z4, with trivial BZ vectors m(1)0 = (0, 1, 0) and
m
(2)
0 = (1, 0, 0), respectively.
2. Add back a soliton at each of z1 and z4, with non-trivial BZ vectors m˜(1)0 = (C1, 1, 0)
and m˜(2)0 = (1, 0, C2), respectively. Here, C1 and C2 are the BZ parameters.
The BZ parameters C1 and C2 are to be chosen such that potential singularities can
be eliminated around both turning points z = z1 and z = z4 at ρ = 0. Effectively, we
eliminate both turning points z1 and z4 and this will leave the resulting solution with
two genuine turning points. The resulting solution can then be converted to the prolate
spherical coordinates. With a few appropriate parameter redefinitions, the metric for
the doubly rotating Myers–Perry black hole solution in prolate spherical coordinates can
then be obtained.
4.4 Construction of Emparan–Reall black ring
The black ring rotating along the S1 direction was reconstructed by the Bäcklund trans-
formation [83] and the inverse scattering method [127] starting from a Euclidean C-
metric as a seed. In these analyses, a 2-soliton transformation was used to derive the
solution. Following the suggestion in [47], we will derive the solution from another
singular seed by a 1-soliton transformation in this section.
We start from a diagonal seed with the rod structure as shown in Fig. 4.3. The static
black ring solution, which necessarily contains a conical singularity, is recovered when
z1 = z2. However, it is required to introduce a “phantom point” at z1 and a negative
density rod lying between z1 ≤ z ≤ z2 in the ψ-axis in order to facilitate adding angular
momentum along the S1 direction to the black ring. Thus, we see that the initial seed
solution need not satisfy any regularity requirements.
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z1 z2 z3 z4
Figure 4.3: The rod sources of the seed solution for the Emparan–Reall singly rotating
black ring.




















ρ2 + (z − zi)2 − (z − zi), Rij ≡ ρ2 + µiµj, and k is an arbitrary integra-
tion constant to be fixed by requiring asymptotic flatness. Using the inverse scattering
method, we then perform the following 1-soliton transformation on the above seed:
1. Remove a soliton at z1 with trivial BZ vector m(1)0 = (0, 1, 0).
2. Add back a soliton at z1 with non-trivial BZ vector m˜(1)0 = (C1, 1, 0) where C1 is
the BZ parameter.
After the first step, we obtain the new G-matrix:



















The associated generating matrix Ψ˜0 is chosen to be
Ψ˜0 = diag









where λ is a spectral parameter. The second step above can then be carried out to
obtain the final matrix G. The conformal factor can also be easily calculated:
e2γ = e2γ0 det Γ(C1)det Γ(C1 = 0)
, (4.58)
where the matrix Γ is that corresponding to the second step above.
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We now analyse the rod-structure of the solution (G, e2γ) in Weyl–Papapetrou coor-












The rod structure has four turning points located at (ρ = 0, z = z1), (ρ = 0, z = z2),
(ρ = 0, z = z3) and (ρ = 0, z = z4). Denoting zij ≡ zi−zj, these turning points partition
the z-axis into five rods; from left to right they are:
• Rod 1: a semi-infinite space-like rod at (ρ = 0, z ≤ z1) with normalised direction
v(1) = k (0, 0, 1) . (4.60)





(0, 0, 1) . (4.61)


















(0, 0, 1) . (4.63)
• Rod 5: a semi-infinite space-like rod at (ρ = 0, z ≥ z4) with normalised direction
v(5) = k (0, 1, 0) . (4.64)
At this stage, we have a new solution whose rod structure is different from that in the
seed solution.
Requiring Rod 1 has the same normalised direction as Rod 2 gives an equation for






It is worth to note that the choice of the BZ parameter C1 above also eliminates a
potential singularity in Gψψ around z = z1 at ρ = 0. Thus, by setting this value of the
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BZ parameter, we effectively eliminate the turning point z1; this will leave the resulting
solution with three genuine turning points.
In the next step, we convert the solution from Weyl–Papapetrou coordinates (ρ, z)
to C-metric like coordinates (u, v):
ρ2 = 4κ
2(1− u2)(v2 − 1)(1 + cu)(1 + cv)
(u− v)4 ,
z = κ
2(1− uv) [2 + c(u+ v)]
(u− v)2 ,
(4.66)
with the locations of the turning points (including the phantom point) fixed to be
z1 = −dκ2 , z2 = −cκ2 , z3 = cκ2 , z4 = κ2 . (4.67)
In the C-metric like coordinates, µi, i = 2, 3, 4 become simpler algebraic expressions:
µ2 = −2κ
2(1− u)(1 + v)(1 + cv)
(u− v)2 ,
µ3 = −2κ
2(1− u)(1 + v)(1 + cu)
(u− v)2 ,
µ4 = −2κ
2(1− v2)(1 + cu)
(u− v)2 .
(4.68)
We remark that the expressions involved can become very complicated after transforming
to C-metric like coordinates (4.66). This is because they will involve the explicit square-
root
√
ρ2 + (z − z1)2 coming from µ1. Although the final solution is not expected to
depend on this square-root (since z1 will turn into a phantom point upon imposing the
condition (4.65)), it turns out to be the most computationally intensive step to cancel
out all the square-roots. We use a similar procedure as described in [38] to carry out
this step.
Finally, we have found that the metric components take the simplest form when d is
eliminated in favour of a new parameter b as follows:
d = 2b− bc− c1− b . (4.69)
To ensure asymptotic flatness, the integration constant k in the conformal factor (4.55)
is chosen to be:
k = 1 . (4.70)
The final resulting solution is then given in terms of parameters b, c and κ. In order to
recover the metric for the Emparan–Reall singly rotating black ring solution in C-metric
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like coordinates as given in (2.16), we need to define the new parameters λ and µ by
λ = b , µ = c , (4.71)
and the new coordinates




z1 z2 z3 z4
Figure 4.4: The rod sources of the alternative seed solution for the Emparan–Reall singly
rotating black ring.



















in which the rod with negative mass density lies between z2 < z < z3. The rod structure
of this alternative seed is shown in Fig. 4.4. The inverse scattering construction is similar
and we will outline the steps below:
1. Remove a soliton at z3 with trivial BZ vector m(1)0 = (1, 0, 0).
2. Add back a soliton at z3 with non-trivial BZ vector m˜(1)0 = (1, C3, 0) where C3 is
the BZ parameter.
The value of the BZ parameter C3 is to be chosen such that there is no singularity
around z = z3 at ρ = 0. A linear transformation G′ = ATGA with detA = 1 is required
to rotate the resulting solution to standard orientation in which the first and last space-
like rods have normalised directions (0, 0, 1) and (0, 1, 0), respectively. The same final
solution can be obtained after a few appropriate parameter redefinitions.
4.5 Construction of Figueras black ring
A black ring solution rotating only in the azimuthal direction of the S2 of the ring
was constructed using the Bäcklund transformation [99, 83] and reconstructed by using
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the inverse scattering method [126]. Figueras [51] also obtained the same solution by





Figure 4.5: The rod sources of the seed solution for the Figueras singly rotating black
ring.
We start from a diagonal seed, which is essentially a static black ring, with the rod
















ρ2 + (z − zi)2 − (z − zi), Rij ≡ ρ2 + µiµj, and k is an arbitrary integra-
tion constant to be fixed by requiring asymptotic flatness. Using the inverse scattering
method, we then perform the following 2-soliton transformation on the above seed:
1. Remove a soliton at each of z1 and z2, with trivial BZ vectors m(1)0 = (0, 0, 1) and
m
(2)
0 = (1, 0, 0), respectively.
2. Add back a soliton at each of z1 and z2, with non-trivial BZ vectors m˜(1)0 = (C1, 0, 1)
and m˜(2)0 = (1, 0, C2), respectively. Here, C1 and C2 are the BZ parameters.
The new G-matrix obtained after the first step is



















and the associated generating matrix Ψ˜0 is constructed to be
Ψ˜0 = diag
 (µ1 − λ)(µ2 − λ)(µ3 − λ) ( ρ2µ3 + λ) , µ3 − λ,−
(µ1 − λ)(µ2 − λ)
µ3 − λ
 , (4.76)
where λ is a spectral parameter. The final matrix G is obtained after the second step
above is carried out and the conformal factor e2γ can be calculated as:
e2γ = e2γ0 det Γ(C1, C2)det Γ(C1 = 0, C2 = 0)
, (4.77)
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where the matrix Γ is that corresponding to the second step above.
In the next step, we convert the solution from Weyl–Papapetrou coordinates (ρ, z)
to C-metric like coordinates (x, y):
ρ2 = 4κ
4(1− x2)(y2 − 1)(1 + µx)(1 + µy)(1 + νx)(1 + νy)
(1− µν)2(x− y)4 ,
z = κ
2(1− xy) [2 + (µ+ ν)(x+ y) + 2µνxy]
(1− µν)(x− y)2 ,
(4.78)
with the locations of the three remaining turning points fixed to be




2, z3 = κ2. (4.79)
In these coordinates, µi, i = 1, 2, 3 become algebraic expressions:
µ1 = −2κ
2(1− x)(1 + y)(1 + νx)(1 + µy)
(1− µν)(x− y)2 ,
µ2 = −2κ
2(1− x)(1 + y)(1 + µx)(1 + νy)
(1− µν)(x− y)2 ,
µ3 = −2κ
2(1− y2)(1 + µx)(1 + νx)
(1− µν)(x− y)2 .
(4.80)
Note that this particular coordinate transformation introduces one new parameter, and
the additional freedom can be used to simplify the metric components of the resulting
solution.
We now analyse the rod-structure of the solution (G, e2γ) in the C-metric like coordi-












The rod structure has three turning points located at (ρ = 0, z = z1 ≡ − µ−ν1−µνκ2) or
(x = −1, y = −1/µ), (ρ = 0, z = z2 ≡ µ−ν1−µνκ2) or (x = 1, y = −1/µ), and (ρ = 0, z =
z3 ≡ κ2) or (x = 1, y = −1). These turning points partition the z-axis into four rods;
from left to right they are:
• Rod 1: a semi-infinite space-like rod at (x = −1,−1/µ ≤ y < −1) with normalised
direction
v(1) = −k(1− C1C2)
(
4(µ− ν)κ2C1
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κ = 14kκ(µ− ν)
√
2(1 + µ)(1− ν)(1− µν) . (4.84)













k [(1− µ)(1 + ν)− (1 + µ)(1− ν)C1C2] . (4.86)
• Rod 4: a semi-infinite space-like rod at (−1 < x ≤ 1, y = −1) with normalised
direction
v(4) = −k(1− C1C2) (0, 1, 0) . (4.87)
To ensure that the rod structure of this new solution describes a black ring with
the correct horizon topology, we require Rods 1 and 3 to be parallel. This gives us a
quadratic equation in C2. Of the two roots of this equation, we choose the one which






a ≡ 1 + 2κ
2(1 + µ)(1− ν)C21
1− µν , b ≡
2κ2(1− µ)(1 + ν)C21
1− µν . (4.89)




2 , β =
a−√a2 − 4b
2 , (4.90)
then we can write C1 and C2 quite simply as
C1 =
√√√√ (1− µν)αβ
2κ2(1− µ)(1 + ν) , C2 =
√√√√2κ2(1− µ)(1 + ν)β
(1− µν)α . (4.91)
The condition (4.88) also implies an expression for ν:
ν = (1− α)(1− β)− (1− α− β − αβ)µ(1− α)(1− β)µ− (1− α− β − αβ) (4.92)
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Thus, with the use of (4.91) and (4.92), the solution can be expressed in terms of the
parameters µ, κ, α and β.








to rotate the solution to standard orientation in which the first and last space-like rods
have normalised directions (0, 0, 1) and (0, 1, 0), respectively. Here, K1 and K4 are the
rod directions (not normalised to have unit Euclidean surface gravity) of the first and




(1− µν)(1− C1C2) , 0, 1
)
, K4 = (0, 1, 0) , (4.94)
while ζ = 1 is a constant whose value is determined by the condition that detA = 1. In
order to ensure the asymptotic flatness of the final solution, we need to choose
k = 11− β . (4.95)
Recall that the C-metric like coordinates defined in (4.78) introduces on new param-
eter which can be used to simplify the metric components of the resulting solution. We
use this freedom to eliminate the quadratic in y2 in the numerator of gtφ. This fixes µ
as follows:
µ = 1− α−α− 2β . (4.96)
As a result, the final solution is expressed in terms of the parameters κ, α and β.
Defining the new parameters µ and ν as
α = 1 + ν1− ν , β =
ν(1− µ)
µ(1− ν) , (4.97)
one will then able to recover the form of the Figueras singly rotating black ring solution
given in (2.37).
4.6 Construction of Pomeransky–Sen’kov black
ring
The Pomeransky–Sen’kov doubly rotating black ring solution was first found by the
inverse scattering method [109]. They used a seed obtained by removing a pair of solitons
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with trivial BZ vectors from the regular Emparan–Reall black ring rotating along the
S1 direction. To rotate the ring along the S2 direction, the same pair of solitons with
non-trivial BZ vectors are added back to the seed. Essentially, the construction is a





z1 z2 z3 z4
Figure 4.6: The rod sources of the seed solution for the Pomeransky–Sen’kov doubly
rotating black ring.
We start from a singular diagonal seed, which is essentially the same as the seed used
in constructing the Emparan–Reall singly rotating black ring, with the rod structure



















ρ2 + (z − zi)2 − (z − zi), Rij ≡ ρ2 + µiµj, and k is an arbitrary integra-
tion constant to be fixed by requiring asymptotic flatness. Using the inverse scattering
method, we then perform the following 3-soliton transformation on the above seed:
1. Remove a soliton at each of z1, z2 and z3, with trivial BZ vectors m(1)0 = (0, 1, 0),
m
(2)
0 = (0, 0, 1) and m
(3)
0 = (1, 0, 0), respectively.
2. Add back a soliton at each of z1, z2 and z3, with non-trivial BZ vectors m˜(1)0 =
(C1, 1, 0), m˜(2)0 = (0, C2, 1) and m˜
(3)
0 = (1, 0, C3), respectively. Here, C1, C2 and C3
are the BZ parameters.
After the first step, we obtain the new G-matrix:

























The associated generating matrix Ψ˜0 is chosen to be
Ψ˜0 = diag
− (µ1 − λ)(µ3 − λ)(µ4 − λ) ( ρ2µ4 + λ) ,−
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where λ is a spectral parameter. The second step above can then be carried out to
obtain the final matrix G. The conformal factor can also be easily calculated:
e2γ = e2γ0 det Γ(C1, C2, C3)det Γ(C1 = 0, C2 = 0, C3 = 0)
, (4.101)
where the matrix Γ is that corresponding to the second step above.












we now analyse the rod-structure of the solution (G, e2γ) in Weyl–Papapetrou coordi-
nates. The rod structure has four turning points located at (ρ = 0, z = z1), (ρ = 0, z =
z2), (ρ = 0, z = z3) and (ρ = 0, z = z4). Denoting zij ≡ zi − zj, these turning points
partition the z-axis into five rods; from left to right they are:





z42 − z41C1C2C3 ,
z32C2






k (z42 − z41C1C2C3) . (4.104)





2z21z42C1 − z31C2C3 ,−
2z21z32C1C2









2kz21z42C1 − kz31C2C3 . (4.106)
























z42C1C2C3 − z43 ,
z21C1C3









kz43 − kz42C1C2C3 . (4.110)
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kz42 − kz41C1C2C3 . (4.112)
At this stage, we have a new solution (G, e2γ) whose rod structure is different from
the starting seed solution (4.98). We now have to find the minimum conditions which
would ensure that this new rod structure describes a black ring with the correct horizon
topology.
Firstly, we require that Rods 1 and 2 have the same normalised direction which gives






This condition, in fact, means that both rods are parallel and have the same periodicity.
Effectively, it means that the two rods are joined into one, and that the point z1 at
which they meet is no longer a real turning point but a phantom point. It is worth to
note that the value of the BZ parameter C1 is chosen to eliminate potential singularity
around z = z1 at ρ = 0 in the construction of the Emparan–Reall black ring solution.






C3 , z1 = −z
2
2 − 2z2z4 + z3z4
z43
. (4.114)
This condition will assure the ring topology and absence of conical singularities in the
space-time.
In the next step, we convert the solution from Weyl–Papapetrou coordinates (ρ, z)
to C-metric like coordinates (u, v) defined in (4.66) with the locations of the turning
points (including the phantom point) fixed to be
z1 = −c(3 + c)1− c κ
2 , z2 = −cκ2 , z3 = cκ2 , z4 = κ2 . (4.115)
The location of the phantom point z1 is fixed by the condition (4.114). Again, a linear
transformation G′ = ATGA is performed to rotate the solution to standard orientation
in which the first and last space-like rods have normalised directions (0, 0, 1) and (0, 1, 0),
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(C23 − κ2 + c2κ2) [(1 + c)C23 − (1− c)3κ2]
1 + c
1
(C3 + κ − cκ)(C3 − κ + cκ) ,
(4.117)
so that detA = 1. Here, K1 and K5 are the rod directions (not normalised to have unit
Euclidean surface gravity) of the first and last space-like rods respectively,
K1[1] = − 4cκ
2C3






(C3 + κ − cκ)(C3 − κ + cκ) ,




(1 + c)(1− c)
4cκC23
(C3 + κ − cκ)(C3 − κ + cκ) ,






(C3 + κ − cκ)(C3 − κ + cκ) .
(4.118)
Thus, with the use of conditions (4.113) and (4.114), and coordinate transformation
(4.66), the solution is now expressed in terms of the parameters c, κ and C3.
To simplify the expressions of the metric components, we perform the following
Möbius transformation:
u = x+ ν1 + νx , v =
y + ν
1 + νy , c =
µ− ν
1− µν , (4.119)
to introduce an additional parameter. Following the suggestion in [109], we use this
freedom to make the numerator of gtφ linear in y. This fixes C3 as follows:
C3 =
κ2ν(1 + µ)(1 + ν)(1− µ)3
µ(1− ν)(1− µν)2 . (4.120)
Finally, we fix the integration constant k to be
k = µ(1 + ν)(1− ν)(1− µν)(µ− ν) , (4.121)
so that asymptotic flatness of the solution is assured. The final solution is now expressed






The Pomeransky–Sen’kov solution is well known to describe an asymptotically flat dou-
bly rotating black ring in five dimensions, whose self-gravity is exactly balanced by the
centrifugal force arising from the rotation in the ring direction. In this chapter, we
generalise this solution to the unbalanced case, in which there is in general a conical
singularity in the space-time.
The unbalanced generalisation of the Pomeransky–Sen’kov black ring was eventually
presented in [100]. However, it took a very complicated form which made it difficult
to handle and analyse. The main purpose of this chapter is to present a much more
compact form of this solution, which may be regarded as the natural generalisation of
the simple form found in [109] for the balanced case. We will also take the opportunity
to describe in detail the ISM construction of this solution, something that was only
briefly described in [109] and not anywhere else to the best of our knowledge.
We will also present a study of the physical properties of the unbalanced doubly
rotating black ring. In particular, we show how the various known black-ring solutions,
namely the Emparan–Reall, Figueras, and Pomeransky–Sen’kov solutions, can be ob-
tained from it as special cases. We also explicitly show how the zero and infinite-ring
radius limits of this solution can be taken, to obtain the doubly rotating Myers–Perry
black hole and boosted Kerr black string, respectively. Note that the latter two limits
would otherwise have been impossible to obtain from the Pomeransky–Sen’kov black
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ring. The fact that all these different limits can be obtained from our general solution
is a good check that we have indeed found the correct unbalanced generalisation of the
Pomeransky–Sen’kov black ring.
This chapter is based on our published paper [19] and is organised as follows: In §5.2,
the ISM construction of the unbalanced doubly rotating black ring is described in detail.
The final solution and its rod structure is presented in §5.3. The physical properties of
this black ring are then discussed in §5.4. The chapter ends with a brief discussion in
§5.6 and an appendix §5.7.




z1 z2 z3 z4
Figure 5.1: The rod sources of the seed solution for the doubly rotating black ring.
In [109], Pomeransky and Sen’kov constructed their black ring in a two-step process.
They first generated the Emparan–Reall black ring from a seed solution with the rod
structure as shown in Fig. 5.1, using a one-soliton transformation in which a soliton was
removed and added at z1. A two-soliton transformation, in which solitons were removed
and added at z2 and z3, was then performed on the balanced Emparan–Reall black ring
to obtain the balanced doubly rotating black ring.
In this chapter, we will use a three-soliton transformation on the same seed solution
to directly generate the unbalanced doubly rotating black ring.1 This has the advantage
of being computationally simpler than the above two-step process. The explicit solution













in which the rod with negative mass density lies between z2 < z < z3, and generate the same final
solution up to coordinate transformations and parameter redefinitions.
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ρ2 + (z − zi)2− (z− zi), Rij ≡ ρ2 +µiµj, and k is an arbitrary integration
constant that can be fixed by, say requiring asymptotic flatness. An efficient calculation
of the conformal factor e2γ0 for a diagonal seed can be found in, say [87]. Using the ISM,
we then perform the following soliton transformations on the above seed:
1. Remove a soliton at each of z1, z2 and z3, with trivial BZ vectors m(1)0 = (0, 1, 0),
m
(2)
0 = (0, 0, 1) and m
(3)
0 = (1, 0, 0), respectively;
2. Add back a soliton at each of z1, z2 and z3, with non-trivial BZ vectors m˜(1)0 =
(C1, 1, 0), m˜(2)0 = (0, C2, 1) and m˜
(3)
0 = (1, 0, C3), respectively. Here, C1, C2 and C3
are the new, so-called BZ parameters.
In the first step, the act of removing a soliton at z = zk with a trivial BZ vector having
a non-vanishing a-th component, refers to multiplying the diagonal element (G0)aa of
the seed solution by a factor −µ2k
ρ2 . So in the current case, after the first step, we obtain
the new G-matrix:

























To carry on with the second step, we need to know the corresponding 3×3 generating
matrix Ψ˜0. It can be obtained by performing the following replacements to the G˜0
matrix: µi → µi−λ, ρ2 → ρ2−2zλ−λ2 or ρ2µi →
ρ2
µi
+λ, where λ is a spectral parameter.
Thus, we have
Ψ˜0(λ) = diag
 (µ1 − λ)(µ3 − λ)(µ4 − λ)( ρ2µ4 + λ) ,−




,−(µ2 − λ)(µ3 − λ)
µ4 − λ
 . (5.3)
One can then easily follow [110] to carry out the second step. When adding back the
solitons, we have to compute some vectorsm(k) for the k-th soliton involving the quantity
Ψ˜−10 (µk), which has infinite components. Such a difficulty can be circumvented by first
multiplying Ψ˜−10 (λ) by an overall factor λ − µk and then substituting λ = µk into the
expressions. Although such an operation rescales m(k) by an infinite overall factor, it can
be shown that it does not change the final solution. Note that after the first step, the
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matrix G˜0 does not satisfy the constraint det G˜0 = −ρ2 as required of a physical solution;
however, this constraint is automatically satisfied after we have done the second step.
To complete the construction, we need to calculate the conformal factor. It can be
shown that the ratio of the new conformal factor to the old one is proportional to the
determinant of the Γ-matrix as defined in [110], and it depends on the BZ parameters
only through this determinant. Observe that in the above two steps the non-trivial
BZ parameters (C1, C2, C3) only appear in the Γ-matrix of the second step. If we set
(C1 = 0, C2 = 0, C3 = 0) so that the same solitons are first removed and then added
back, we should be able to recover the original seed solution. It is then not difficult to
see that
e2γ = e2γ0 det Γ(C1, C2, C3)det Γ(C1 = 0, C2 = 0, C3 = 0)
, (5.4)
where the Γ-matrix here is that corresponding to the second step.
At this stage, we have a new solution whose rod structure will be different from that
in Fig. 5.1. Although there will still be four turning points and five rods, the directions
of the rods will have components in all three possible directions, and will involve the new
BZ parameters C1, C2 and C3 in a non-trivial way. We now have to find the minimum
conditions on C1, C2 and C3 which would ensure that this new rod structure describes a
black ring with the correct horizon topology [23]. Firstly, we require that the first and







where zij ≡ zi − zj. This condition, in fact, implies another result: the orbits of the
Killing vector fields associated with these two rods have the same periodicity. In the
strengthened rod-structure formalism of [22], these two rods then have the same nor-
malised direction. Effectively, it means that the two rods are joined up into one, and
that the point z1 at which they meet is no longer a real turning point but a “phantom
point” [47].
Secondly, we require the first and fourth rods to be parallel.2 This gives two condi-
tions, one of which is actually guaranteed to hold by (5.5). The second condition gives
an equation quadratic in C3. Of the two roots of this equation, we choose the one which
2In general, these two rods will not have the same normalised direction. As we shall see below, the
special case in which they do corresponds to the Pomeransky–Sen’kov black ring. In this case, a2 − 4b
can be written as a perfect square, and the right-hand side of Eq. (5.6) becomes an algebraic expression.
In this case, the subsequent analysis becomes much simpler.
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a ≡ 1 + z32
z21
C2




The expression on the right-hand side of (5.6) is rather unwieldy, and it would prove to




2 , β =
a−√a2 − 4b
2 . (5.8)










(5.7) will also imply an expression for the location of the phantom point, z1:




α + β − 1 , (5.10)
in terms of α, β and the other zi’s. Thus, with the use of (5.9) and (5.10), the solution
can be expressed in terms of these parameters. Although there are apparently five of
them, recall that the zi are only fixed up to an overall translation, so there are actually
just four parameters which are physically relevant.
The next step involves rotating the solution to standard orientation [22] where the
first and last space-like rods have directions (0, 0, 1) and (0, 1, 0), respectively. This will
ensure that the metric takes a simple diagonal form at infinity, and is accomplished by








Here, K1 and K5 are the original directions of the first and last space-like rods respec-
tively, while ζ is a constant whose value is determined by the condition that detA = 1.
These rod-directions (not normalised to have unit surface gravity) are given by
K1 = (2z32z41C1C2, −z32C2, z42 − z41C1C2C3) ,
K5 = (z31C2C3, z42 − z41C1C2C3, −z32C2) .
(5.12)
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Finally, we transform from Weyl coordinates (ρ, z) to C-metric-like coordinates (x, y)
[76]:
ρ2 = 4κ
4(1− x2)(y2 − 1)(1 + µx)(1 + µy)(1 + νx)(1 + νy)
(1− µν)2(x− y)4 ,
z = κ
2(1− xy) [2 + (µ+ ν)(x+ y) + 2µνxy]
(1− µν)(x− y)2 ,
(5.13)
with the locations of the three remaining turning points fixed to be




2, z4 = κ2. (5.14)
The beauty of using C-metric-like coordinates is that µi, i = 2, 3, 4 become algebraic
expressions:
µ2 = −2κ
2(1− x)(1 + y)(1 + νx)(1 + µy)
(1− µν)(x− y)2 ,
µ3 = −2κ
2(1− x)(1 + y)(1 + µx)(1 + νy)
(1− µν)(x− y)2 ,
µ4 = −2κ
2(1− y2)(1 + µx)(1 + νx)
(1− µν)(x− y)2 .
(5.15)
Note that this particular coordinate transformation introduces one new parameter, and
the additional freedom can be used to simplify the metric components of the resulting
solution. Following the case of the Pomeransky–Sen’kov black ring [109], we use this
freedom to make the numerator of gtφ linear in y. This fixes β as follows:
β = 1− µ2µ
(
ν − µ





Furthermore, it is observed that the metric components take the simplest form when α
is eliminated in favour of the new parameter λ (not to be confused with the spectral
parameter used above) as follows:
α = (1 + ν) (µ− λν + µν − λµ
2)
(1− ν) (µ+ λν − µν − λµ2) . (5.17)
After making a suitable choice of the integration constant k in (5.1) to ensure asymptotic
flatness (and a possible sign change t→ −t), the metric of the resulting solution is given
below in Eq. (5.19) in terms of the final physical parameters µ, ν, λ, and κ.
We remark that while the above-described procedure involves only straightforward
algebraic manipulations from start to finish, the expressions involved can become very
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complicated in the intermediate stages, making them a challenge to handle even on mod-
ern computers. This is because they will involve the explicit square-root
√
ρ2 + (z − z1)2
coming from µ1, which cannot be avoided even after transforming to the C-metric-like
coordinates (5.13). Although we know that the final metric will not depend on this
square-root (since z1 will turn into a phantom point upon imposing the condition (5.5)),
the challenge is to try to cancel out the square-root at some stage.3 It is obviously
desirable to do this as early in the computation as possible.
In practice, we have found that the following (supplemented) sequence of steps will
enable the whole computation to be done on a modern computer in reasonable time: The
three-soliton transformation is first carried out in Weyl–Papapetrou coordinates. We
then transformed the resulting solution to the C-metric-like coordinates (u, v) described
in Appendix H of [64]. These C-metric-like coordinates contain one fewer parameter
than those in (5.13), but they have the advantage of being simpler in form. In what
turns out to be the most computationally intensive step, we then imposed the condition
(5.5) and cancelled out all the square-roots
√
ρ2 + (z − z1)2 using a similar procedure to
that described in [38]. After this is done, the remaining conditions (5.9) and (5.10) are
imposed, and the rotation to standard orientation performed. Finally, we performed the
following Möbius transformation:
u = x+ ν1 + νx , v =
y + ν
1 + νy , c =
µ− ν
1− µν , (5.18)
to transform from the C-metric-like coordinates of [64] to those in (5.13), and the ex-
pressions (5.16) and (5.17) are substituted in to obtain the final form of the solution.
5.3 The metric and rod structure
The metric of the unbalanced doubly rotating black ring is given by
ds2 = −H(y, x)
H(x, y) (dt− ωψ dψ − ωφ dφ)
2 − F (x, y)
H(y, x) dψ
2 − 2 J(x, y)
H(y, x) dψ dφ
+ F (y, x)
H(y, x) dφ
2 + 2κ
2(1− µ)2(1− ν)H(x, y)









3This step also needs to be carried out in the ISM construction of the Emparan–Reall black ring,
and is described, for example, in Appendix A.2 of [38].
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√√√√2λ(λ− µ)(1 + λ)(1− λµ)ΦΞ
(1− λ)(1− µν)Ψ (1 + y)
×
{








1− µν (1− x
2)y ,
(5.20)
and the functions G, H, J and F are given by
G(x) = (1− x2)(1 + µx)(1 + νx) ,
H(x, y) = ΦΨ + ν(λ− µ)(1 + λ)Φ + νΨΞx2y2 + ν(µ+ ν)(λ− µ)(1− λµ)(1− λµx2y2)




ν(λ− µ)(1− λµ)(1− x2)(1− y2)
(1− µν)Φ(x− y)
{
ΦΨ + ν(λ− µ)(1 + λ)Φ
− νΨΞxy + ν(µ+ ν)(λ− µ)(1− λµ)(1 + λx+ λy + λµxy)
}
,





µ(1− λ2)[Ψ + ν(λ− µ)(1 + ν)]2
− (µ+ ν)(1− λµ)(1 + νy)
[






λ(µ+ ν)2(1− λµ) + [Ψ + ν(λ− µ)(1 + ν)]
× (µ+ ν − µνx)x
]
+ [ΨΞ + λµΦ(Φ− 1)(Φ−Ψ + Ξ)] [1 + (µ+ ν)x]x2
+ µνΦ [ΨΞ− λµ(µ+ ν)(λ− µ)(1− λµ)]x4
} .
(5.21)
To simplify the above expressions, we have introduced the following abbreviations:
Φ ≡ 1− λµ− λν + µν , Ψ ≡ µ− λν + µν − λµ2 , Ξ ≡ µ+ λν − µν − λµ2 . (5.22)
The C-metric-like coordinates x, y take the ranges −1 ≤ x ≤ 1 and −∞ < y ≤ −1,
respectively. The metric is independent of time −∞ < t <∞ and angles 0 ≤ ψ, φ < 2pi.
It has four independent physical parameters, µ, ν, λ and κ, of which the first three are
dimensionless and the last sets the scale of the solution. They satisfy the constraints
0 ≤ ν ≤ µ ≤ λ < 1 , κ > 0 . (5.23)
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Figure 5.2: The rod structure of the unbalanced doubly rotating black ring.
In particular, the former constraint ensures that the quantities Φ, Ψ and Ξ are positive.
As a check, we can calculate the rod structure of this solution using standard methods
[22, 23]. It indeed has three turning points, consistent with the fact that the ISM
construction above has turned one of the original four turning points into a phantom
point. They are located at4 (ρ = 0, z = z1 ≡ − µ−ν1−µν κ2) or (x = −1, y = −1/µ),
(ρ = 0, z = z2 ≡ µ−ν1−µν κ2) or (x = 1, y = −1/µ), and (ρ = 0, z = z3 ≡ κ2) or
(x = 1, y = −1), respectively. These three turning points partition the z-axis into four
rods; from left to right they are:
• Rod 1: a semi-infinite space-like rod at (x = −1,−1/µ ≤ y < −1), with direction
v(1) = (0, 0, 1).




κ = (µ− ν)(1− λ)(1 + µ)4κ(µ+ ν)(1− µ)Ξ
√√√√ 2(1− µν)ΦΨ




√√√√(λ− µ)(1− λ)(1− λµ)(1− µν)Ψ





2λ(1 + λ)ΦΞ . (5.24c)
• Rod 3: a finite space-like rod at (x = 1,−1/µ ≤ y ≤ −1), with direction v(3) =
4There is no longer any need to enumerate the phantom point, since its position is determined in
terms of the other parameters of the solution.
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1
κE




√√√√(1− λ)(1 + ν)Ψ
(1 + λ)(1− ν)Ξ . (5.25)
• Rod 4: a semi-infinite space-like rod at (−1 < x ≤ 1, y = −1), with direction
v(4) = (0, 1, 0).
This rod structure is shown schematically in Fig. 5.2, and much information can already
be read off from it using results from the rod-structure formalism [22, 23]. It is clear
that it describes a doubly rotating black ring in an asymptotically flat space-time. In
the following section, we shall examine the physical properties of this black ring in more
detail.
5.4 Physical properties
We begin by noting that the metric of the unbalanced doubly rotating black ring (5.19)
is asymptotically flat, with infinity located at (x, y)→ (−1,−1). This can be explicitly
seen by introducing the coordinates (r, θ) defined by
















dt2 − 8Jψ sin
2 θ
pir2




+ dr2 + r2
(








2(1− λ)(1− µν)Ψ , (5.28a)
Jψ =










(1− λ)ΦΨ . (5.28c)
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Although these three physical quantities depend on the four parameters in a rather non-
trivial way, it is possible to read off some special cases bearing in mind the parameter
ranges (5.23). Jψ can be made to vanish by setting λ = µ, while Jφ can be made to
vanish by setting ν = 0. When both angular momenta vanish, (5.19) reduces to the
static black ring [45]. All three quantities M , Jψ and Jφ can be made to vanish by
setting ν = µ = λ = 0, in which case it can be checked that (5.19) reduces to flat
Minkowski space-time.
As can be seen from the rod structure, there is an event horizon located at y = −1/µ.
It has a ring topology S1 × S2, with ∂/∂ψ generating the S1 and ∂/∂φ generating the
rotational symmetry of the S2. The surface gravity κ, and angular velocities Ωψ and
Ωφ, of the event horizon are given by (5.24a), (5.24b) and (5.24c), respectively. Its area
can be computed to be5
AH =
16pi2κ3(µ+ ν)(1− µ)Ξ
(1− λ)(1 + µ)(1− µν)3/2
√
2λ(1 + λ)(1− ν)
ΦΨ . (5.29)
Although the present coordinates break down at the horizon, it is possible to find good
coordinates through it, following the methods of, say [40, 34]. It turns out that there is
an inner horizon at y = −1/ν, and a curvature singularity beyond it where H(x, y) = 0.
For the most part, we will concentrate on the region outside the event horizon, namely
−1/µ < y ≤ −1.
Note that gtφ vanishes along the two axes x = ±1. This ensures that Dirac–Misner
singularities are absent in the space-time. The absence of such singularities can in fact
be seen from the rod structure, from the fact that the directions of Rods 1 and 3 do not
have time components [22, 23]. It can also be checked that H(x, y) > 0 everywhere on
and outside the horizon; see §5.7. Since the curvature invariants have denominators that
are proportional to some positive power of H(x, y), there are no curvature singularities
on or outside the horizon.
However, in general, there will be a conical singularity present in the space-time,
located along the finite axis x = 1. From the rod-structure viewpoint, this can be seen
from the direction vector of Rod 3, which is not canonically normalised to (0, 0, 1) like
5If we identify the temperature and entropy of the event horizon as T = κ/(2pi) and S = AH/4
respectively, it can be checked that the Smarr relation
2
3M = TS + ΩψJψ + ΩφJφ ,
is satisfied.
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that of Rod 1. There is a conical excess along this axis, which can be read off to be
∆φ = 2pi(κE − 1) , (5.30)
where κE is given by (5.25). This conical (strut) singularity provides a pressure that
prevents the black ring from collapsing under its own gravity. However, when the ro-
tation in the ring direction is sufficiently large, the conical excess in (5.30) becomes a
deficit, and the conical singularity provides a tension that prevents the black ring from
breaking apart due to the centrifugal force.
It is clear by now that (5.19) describes a black ring which has rotations along two
independent directions, with a conical singularity in the space-time. This physical pic-
ture can be confirmed by seeing how some well-known solutions can be recovered from
(5.19) as special cases. The first limit we shall consider is when
λ = 2µ1 + µ2 . (5.31)
In this limit, κE = 1, and so there is no conical singularity in the space-time. This should
correspond to the Pomeransky–Sen’kov black ring [109], and indeed we can recover (2.53)
from (5.19).
If we set ν = 0, we recover from (5.19) the Emparan–Reall black ring (2.16), which
rotates only in the ψ direction. On the other hand, if we set λ = µ, we recover the
Figueras black ring (2.37), which rotates only in the φ direction. These two results
are consistent with the observation made above that Jφ = 0 and Jψ = 0 in these two
limits, respectively. Roughly speaking, they also show that the parameter ν governs the
rotation of the black ring in the S2 direction, while the parameter λ governs its rotation
in the S1 direction. In particular, the upper bound for ν, namely ν = µ, describes
a black ring that is maximally rotating in the S2 direction. This corresponds to the
extremal limit of (5.19) in which the two horizons coincide, and their surface gravity
becomes zero.
There are two other non-trivial limits of (5.19) that one can check, namely the zero
and infinite ring-radius limits. As expected, when the ring-radius is shrunk to zero, the
black ring becomes a Myers–Perry black hole that rotates in two independent directions.
On the other hand, when the ring-radius becomes infinite, the S1 decompactifies into
an R1 and the black ring becomes an infinitely extended black string. The original S1-
rotation now corresponds to momentum in the string direction, while the S2-rotation
is orthogonal to the string direction. In other words, we have a boosted Kerr black
string. This conclusion is consistent with the general interpretation of black rings as
black strings that are bent into a circular shape.
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Since rotation is present, there will be an ergoregion in the space-time bounded by
ergosurfaces on which H(y, x) = 0. It turns out that the properties of this ergoregion are
qualitatively similar to that of the Pomeransky–Sen’kov black ring [39, 34]. In particular,
it can be checked that the event horizon is always surrounded by the ergoregion. For
sufficiently small ν (and fixed λ and µ), the topology of the ergosurface is S1 × S2, just
like that of the event horizon. However, there exists a critical value of ν, given by
ν = 1− λµ1 + λ , (5.32)
beyond which the ergoregion will grow large enough to merge with itself across the centre
of the ring. At the same time, an inner S3 ergosurface will appear, so as to exclude the
centre of the ring from the ergoregion. The ergoregion will then encompass the region
between the outer and inner S3 ergosurfaces; see, e.g., Fig. 1 of [34]. This causes the
topology of the ergosurface to change from S1 × S2 to S3 ∪ S3. It should be noted that
the condition (5.32) is not always compatible with the physical range (5.23), i.e., there
exist values of λ and µ for which the topology of the ergosurface is always S1 × S2.
It should also be checked if the space-time described by (5.19) contains closed time-
like curves (CTCs). Now, the requirement for the absence of CTCs is that the 2×2 metric
gij, i, j = ψ, φ be positive semi-definite. Since the metric components are sufficiently
complicated, we have resorted to checking this numerically. Despite an extensive search,
no CTCs were found anywhere in the space-time outside the event horizon. It would be
desirable to demonstrate the absence of CTCs analytically, perhaps along the lines of
[27] as done for the Pomeransky–Sen’kov black ring.
5.5 Black hole and string limits
In this section, we study two special limits of the unbalanced Pomeransky–Sen’kov so-
lution, namely the black hole limit and the boosted Kerr string limit.
5.5.1 Myers–Perry black hole
The Myers–Perry black hole [102] is obtained by setting λ = 1 − c(1 − µ) for some
parameter 0 < c ≤ 1, performing the coordinate transformation
x = −1 + 8κ
2 cos2 θ (1− µ)
2r2 + a2 + b2 − 2m− 4κ2 cos 2θ ,
y = −1− 8κ
2 sin2 θ (1− µ)






2 (1 + ν)
c (1− ν) ,
a = −2κ
√
(1− c2)(1− ν)(1 + ν + c− cν)√
c (1− ν + c+ cν) ,
b = − 4κ
√
cν(1 + ν + c− cν)√
1− ν (1− ν + c+ cν) ,
(5.34)
and then taking the limit µ→ 1. If we do this, (5.19) becomes (2.7).
5.5.2 Boosted Kerr black string













cosh2 σ , (5.35)
changing coordinates x = cos θ, y = −√2κ/r, ψ = −z/(√2κ), and then sending







dt2 + 2mr sinh 2σΣ dt dz +
(






2 + a2)2 −∆a2 sin2 θ
Σ sin
2 θ dφ2 − 4mr cosh σΣ a sin
2 θ dt dφ
− 4mr sinh σΣ a sin









∆ = r2 + a2 − 2mr , Σ = r2 + a2 cos2 θ . (5.37)
This is exactly the metric obtained by starting with the four-dimensional Kerr solution,
adding a flat direction z to it, and then applying a boost dt → cosh σ dt + sinh σ dz,
dz → sinh σ dt + cosh σ dz. Some properties of this boosted Kerr black string solution
were studied in [29].
5.6 Discussion
In this chapter, we have described how the inverse-scattering method can be used to
derive the unbalanced doubly rotating black ring, which generalises the Pomeransky–
Sen’kov black ring [109]. We then presented a new form of this solution which is much
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more compact than the one previously presented in [100]. Finally, we studied some
physical properties of this solution, including showing how various well-known limits
can be obtained from it.
There are several possible extensions of this work. While we have studied the main
properties of the unbalanced doubly rotating black ring, there are other properties that
are worth investigating in more detail, such as its geodesics and global structure (as
was done in [34] and [25, 27], respectively, for the balanced case). For completeness, it
would also be desirable to map the form of the solution found in this chapter to the one
presented in [100].
It should be possible to generalise the black-ring solution found in this chapter to
include charge. Unlike black holes, black rings can carry two kinds of charge: a normal
conserved charge [35] and a non-conserved dipole charge [41]. It should be straightfor-
ward to obtain charged doubly rotating black rings using standard charging transforma-
tions, such as those used in [35, 12, 80, 54]. However, obtaining a dipole-charged doubly
rotating black ring might prove to be more elusive. At present, even the dipole-charged
generalisation of the S2-rotating black ring is not known, although the inverse-scattering
formalism developed in [52] might offer some hope for finding this solution. Such a so-
lution, if found, could be the starting point to generate the most general stationary
black-ring solution of U(1)3 supergravity theory [37].
It is our hope that the ISM construction explicitly presented in this chapter will
inspire the construction of other more general solutions, such as those containing multiple
black rings/holes in five dimensions, with rotations in two independent directions. An
example is a doubly rotating black ring with a Myers–Perry black hole at its centre,
a configuration known as a black saturn [38]. Other possible configurations consist of
two concentric doubly rotating black rings lying in the same plane (known as a di-ring
[85, 49]), or in orthogonal planes (known as a bi-ring [87, 40]). Each of these solutions
is expected to have a regular sub-class of solutions, which could have implications, for
example, for the phase-space structure of black holes in five dimensions [40].
Finally, we remark that the ISM construction of the doubly rotating black ring can
be extended to obtain a doubly rotating “black lens” with a lens-space horizon topology,
generalising the singly rotating black lens found in [21]. The ISM construction in this case
is rather straightforward: we use the same seed solution, with a rod structure as shown
in Fig. 5.1, but now we need to remove a fourth soliton at z4 with a trivial BZ vector
(0, 0, 1) in Step 1 above, and then add it back with a non-trivial BZ vector (0, C4, 1) in
Step 2 together with the other three solitons. After imposing suitable conditions [21],
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we obtain a black lens rotating in two independent directions. We also mention that the
ISM construction presented in this chapter can be extended to obtain a doubly rotating
black ring on Taub-NUT, generalising the rotating black ring on Taub-NUT found in
[15].
5.7 Appendix: Positivity of H(x, y)
Here, we prove that H(x, y) is positive everywhere on and outside the event horizon
−1 ≤ x ≤ 1, −1/µ ≤ y ≤ −1, and for the restricted range of parameters6 0 < ν ≤ µ ≤
λ < 1. We begin by noting that H(x, y) is a quadratic function in x that can be written
in the form:
H(x, y) = ax2 + bx+ c , (5.38)
where a, b and c are functions of y, given by
a = νy[ΨΞy − λ(1− λµ)(λ− µ)(µ+ ν)(1 + µy)] ,
b = λ(µ+ ν)[(1− λµ)2 − ν2(λ− µ)2y2] ,
c = Φ[Ψ + ν(λ− µ)(1 + λ)] + ν(1− λµ)(λ− µ)(µ+ ν)(1 + λy) .
(5.39)
a is manifestly positive for the above-stated physical range. For later purposes, we note
that b is also positive in this range:
b ≥ λ(µ+ ν)
[







λ(µ+ ν)ΨΞ > 0 . (5.40)
It turns out that c is positive in this range as well, but we shall show the stronger result
that c ≥ a. This can be seen from the fact that
d







(µ− ν)ΨΞ ≥ 0 . (5.42)
Now, assume that b2 − 4ac ≥ 0. (Otherwise H(x, y) will not have any zeros, which
would mean it is positive everywhere since a > 0.) The minimum of H(x, y) with respect
to x is located at
x0 ≡ − b2a . (5.43)
6We exclude the Emparan–Reall black-ring limit here, as H(x, y) is already known to be positive
in this case.
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To prove that H(x, y) is positive in the range −1 ≤ x ≤ 1, we need to show that (i)
H(−1, y) > 0, and (ii) x0 ≤ −1. It is straightforward to see that the first condition is
satisfied:










(1 + µν)Ξ + λν(1 + µ)(µ2 − 1)
]
= (1− λ)(1− ν)ΦΨ > 0 .
(5.44)
The second condition can be shown as follows: since b > 0 and c ≥ a > 0, it follows
from the initial assumption that b ≥ 2√ac ≥ 2a, and so − b2a ≤ −1. Hence H(x, y) is




Doubly Rotating Dipole Ring
6.1 Introduction
The first example of a dipole-charged black ring was discovered by Emparan [41], as a
solution to the Einstein–Maxwell-dilaton action (1.1) with arbitrary dilaton coupling α.
As it rotates in the S1 direction, it generalises the Emparan–Reall black ring.
It is natural to wonder if a dipole black ring including rotation in the S2 direction
can be found. This has, unfortunately, proven to be a difficult problem, as the known
solution-generating techniques, such as those developed in [131, 132], do not seem to
apply to this case. Even the inverse-scattering method (ISM) [9, 110], which has been
very successfully used to generate vacuum black ring solutions [47, 82], is not directly ap-
plicable to the charged case. There have been attempts to generalise the ISM to include
charge (e.g., [52]). A recent breakthrough, however, came with the work of Rocha et
al. [119], who realised that the ISM is applicable to the Einstein–Maxwell-dilaton action
(1.1) when α = 2
√
2/3. This special case corresponds to a five-dimensional Kaluza–
Klein theory, in which (1.1) can be obtained by a circle reduction of six-dimensional
vacuum gravity using the ansatz
ds26 = e
ϕ√
6 ds25 + e−
√
3
2 ϕ(dw + A)2 , (6.1)
where w is the coordinate to be reduced along. The ISM can of course be applied in six
dimensions in the present case, and Rocha et al. showed how it can be used to generate
Emparan’s dipole black ring starting from a suitable seed solution.
It was suggested in [119] that this method can also be used to generate a dipole black
ring including S2 rotation, although it was left as an open problem. The purpose of this
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chapter is to address this issue. Indeed, we will show that the ISM can be applied on
a suitable seed solution in six dimensions, to generate a doubly rotating dipole black
ring of five-dimensional Kaluza–Klein theory. For simplicity, we concentrate only on the
balanced case, so our solution may be considered a dipole-charged generalisation of the
Pomeransky–Sen’kov black ring.
We then study the physical properties of this black ring, emphasizing the new features
that the dipole charge introduces. In particular, we show that our solution satisfies a
version of the first law of black-hole thermodynamics that includes dipole charge, which
was proved by Copsey and Horowitz [28] (see also [4]). We also describe its effect on
the phase space of the black ring. Finally, we show in detail how various limits of this
solution can be taken.
This chapter is based on our published paper [20] and is organised as follows: In §6.2,
the ISM construction of the doubly rotating dipole black ring solution is described. The
solution is explicitly written down in §6.3, and its physical properties analysed in §6.3.
The phase space structure is discussed in §6.3, while the various limits of this solution
are presented in §6.6. The chapter ends with a brief discussion in §6.7.
6.2 Construction of the solution
In [119], Rocha et al. showed how the inverse-scattering method can be used to generate
the singly rotating dipole black ring in five-dimensional Kaluza–Klein theory. They did
this by applying a two-soliton transformation on a certain six-dimensional seed solution.
One of the soliton transformations is responsible for introducing a five-dimensional dipole
charge, while the other is responsible for introducing S1-rotation to the ring.
Separately, it is known how the ISM can be used to obtain the doubly rotating
vacuum black ring [109]. This requires a three-soliton transformation on a certain (five-
dimensional) seed solution. One of them is responsible for introducing the S1-rotation,
while the other two are needed to introduce the S2-rotation. This procedure was ex-
plained in detail in [19].
It is therefore relatively straightforward to combine the ISM procedures of [119]
and [19] into a single procedure to generate a doubly rotating dipole black ring. This
requires a four-soliton transformation on the same six-dimensional seed as used in [119]:
one soliton to introduce dipole charge, and the other three to make the black ring rotate
in two directions. In the rest of this section, we will describe the essential points of this
construction. To keep the technical details to a minimum, some familiarity with the ISM
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will be assumed of the reader. Reviews of the ISM relevant to five-dimensional black





z1 z2 z3 z4 z5
Figure 6.1: The rod sources of the seed solution for the doubly rotating dipole black
ring when lifted to six dimensions.
We begin with a seed solution having the rod structure as shown in Fig. 6.1.1 Its






















ρ2 + (z − zi)2 − (z − zi), Rij ≡ ρ2 + µiµj, and k is an arbitrary integration
constant. Using the ISM, we then perform the following four-soliton transformation on
this seed:
1. Remove a soliton at each of z1, z2, z3 and z4, with trivial BZ vectors m(1)0 =
(0, 1, 0, 0), m(2)0 = (0, 0, 1, 0), m
(3)
0 = (1, 0, 0, 0) and m
(4)
0 = (0, 0, 0, 1), respectively;
2. Add back a soliton at each of z1, z2, z3 and z4, with non-trivial BZ vectors
m˜
(1)
0 = (C1, 1, 0, 0), m˜
(2)
0 = (0, C2, 1, 0), m˜
(3)
0 = (1, 0, 0, C3) and m˜
(4)
0 = (0, 0, C4, 1),
respectively. Here, C1, C2, C3 and C4 are the new, so-called BZ parameters.
















in which the two finite space-like rods with positive mass density are swapped, and generate the same
final solution up to coordinate transformations and parameter redefinitions.
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We note that if C2 = C3 = 0, we recover the ISM procedure of [119]. On the other hand,
if C4 = 0 and z3 = z4, we effectively recover the ISM procedure of [19].
In the first step above, the act of removing a soliton at z = zk with a trivial BZ
vector having a non-vanishing a-th component, refers to multiplying the diagonal element
(G0)aa of the seed solution by a factor −µ
2
k
ρ2 . So in the current case, after the first step,













The generating matrix Ψ˜0 can be obtained directly by performing the following replace-
ments to G˜0: µi → µi − λ and ρ2 → ρ2 − 2zλ − λ2, where λ is a spectral parameter.
One can then easily follow [110] to carry out the second step above. In computing the
vectors m(k), we used the same trick as was described in [19]. The conformal factor can
also be easily calculated:
e2γ = e2γ0 det Γ(C1, C2, C3, C4)det Γ(C1 = 0, C2 = 0, C3 = 0, C4 = 0)
, (6.4)
where the matrix Γ, as defined in [110], is that corresponding to the second step above.
Once the new solution has been generated, we can calculate its rod structure, fol-
lowing the prescription of [22, 23] (see also [64, 75]). Counting the rods from the left,
we then join up Rods 1 and 2, as well as Rods 4 and 5, by requiring that Rod 1 has
the same (normalised) direction as Rod 2, and Rod 4 has the same direction as Rod 5.











where zij ≡ zi−zj. By setting these values of the BZ parameters, we effectively eliminate
the turning points z1 and z4; this will leave the resulting solution with three genuine
turning points.
At this stage, we transform fromWeyl–Papapetrou coordinates (ρ, z) to C-metric-like
coordinates (x, y) [64]:
ρ2 = 4κ
4(1− x2)(y2 − 1)(1 + cx)(1 + cy)
(x− y)4 , z =
κ2(1− xy)(2 + cx+ cy)
(x− y)2 , (6.6)
with the locations of the five turning points fixed to be
z1 = −dκ2, z2 = −cκ2, z3 = cκ2, z4 = eκ2, z5 = κ2. (6.7)
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Since the solution after imposing (6.5) has just three genuine turning points, its metric
can be written in terms of purely algebraic expressions of x and y. Some technical details
can be found in [19] on how to convert the solution from Weyl–Papapetrou coordinates
to C-metric-like coordinates. This step simplifies the solution dramatically.
Now, to ensure that the solution describes a balanced doubly rotating dipole black
ring in five dimensions, we also require that after dimensional reduction along w, Rods
1 and 4 have the same direction. The conditions for this to be true are
C2 = −
√√√√ (d+ c)(e+ c)
(d− c)(e− c)(1 + d)(1− e)3
(1 + c)3
c
C3 , d =
c2 + 2c+ e
1− e . (6.8)
We note that the second condition could have been obtained by setting C2 = C3 = 0.
Essentially, it means that the balanced doubly rotating dipole black ring can also be
directly generated from the balanced singly rotating dipole black ring; a similar situation
has been observed in the construction of the Pomeransky–Sen’kov black ring [109].
The next step involves rotating the solution to standard orientation [22], where the
first and last space-like rods have directions (0, 0, 1, 0) and (0, 1, 0, 0), respectively. This
will ensure that the metric takes a simple diagonal form at infinity, and is accomplished
by a linear transformation of the G-matrix: G′ = ATGA, with a suitable choice of matrix
A obeying | detA| = 1.
Finally, we have found that the metric components take the simplest form when C3




3c− ce+ e+ c2 , e =
2a+ ac− c
1 + a . (6.9)
After making a suitable choice of the integration constant k in (6.2) to ensure asymptotic
flatness, the metric of the resulting solution is given below in Eq. (6.10) in terms of the
final physical parameters a, b, c, and κ.
6.3 The solution and rod structure
The balanced doubly rotating dipole black ring solution lifted to six dimensions can be
expressed in the following form:
ds26 =
K(x, y)
H(x, y) (dw + At dt+ Aψ dψ + Aφ dφ)
2 − H(y, x)






F (x, y) (dψ + ω3 dφ)2
H(x, y)H(y, x) −
G(x)G(y) dφ2













































κc(1 + b)(1− x2)









b(1 + cx)(1 + cy)(1− b− a2 − a2b)− (1− c2)(1− b+ a2 + a2b)
]
, (6.11)
and the functions G, K, H, F , L and J± (J− is defined for use below) are given by
G(x) = (1− x2)(1 + cx) ,
K(x, y) = −a2(1 + b)
[
bx2(1 + cy)2 + (c+ x)2
]
+ [b(1 + cy)− 1− cx]2 + bc2(1− xy)2,
H(x, y) = −a2(1 + b) [b(1 + cx)(1 + cy)xy + (c+ x)(c+ y)]− a(1 + b)(x− y)
[
c2 − 1
+b(1 + cx)(1 + cy)
]
+ [b(1 + cy)− 1− cx] [b(1 + cx)− 1− cy] + bc2(1− xy)2,








a2(1 + b)− b+ 1





a2(c+ x+ bx+ bcx2)2 − (c+ x− bx− bcx2)2
]
−(1− b)2(1 + cx)2
[
a2(1 + b)2 − (1− b)2
] }}
,
L(x, y) = a2(1 + b)
[




b2(1 + cy)2 + c2 − 1
]
− [b(1 + cy)− c− 1] [b(1 + cy)− cx− 1]− bc2(1− y)(1− xy) ,
J±(x, y) = a2(1 + b) [bx(1 + cx)(1 + cy) + (1 + c)(c+ x)]
±a {(1− x) [b(1 + cx) + c− 1] [b(1 + cy) + c+ 1]− 2bc(1− y)(1 + cx)}
− [b(1 + cx)− c− 1] [b(1 + cy)− cx− 1]− bc2(1− x)(1− xy) . (6.12)
To simplify the above expressions, we have introduced the following abbreviations:
Φ ≡ 1 + a− b+ ab , Ψ ≡ 1− a− b− ab . (6.13)
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The coordinates take the ranges −∞ < t <∞, 0 ≤ ψ, φ < 2pi and −∞ < y ≤ −1 ≤
x ≤ 1. There are four independent parameters, a, b, c and κ, satisfying the constraints
0 ≤ c ≤ a < 1 , 0 ≤ b < 1− a1 + a , κ > 0 . (6.14)
It can be checked that the former two constraints ensure that the quantities Φ and Ψ
are positive. As will be clear below, the parameters have the following interpretations:
roughly speaking, κ sets the scale of the solution, c characterises the size of the black
hole, b controls the S2 rotation, while a controls the dipole charge.
It is instructive to calculate the rod structure of the above solution in its six-












, which will be used as a basis to express the rod directions.
There are three turning points in the rod structure, located at (ρ = 0, z = z1 ≡ −cκ2)
or (x = −1, y = −1/c), (ρ = 0, z = z2 ≡ cκ2) or (x = 1, y = −1/c), and (ρ = 0, z =
z3 ≡ κ2) or (x = 1, y = −1), respectively. They divide the z-axis into four rods:
• Rod 1: a semi-infinite space-like rod at (ρ = 0, z ≤ z1) or (x = −1,−1/c ≤ y <
−1), with direction v(1) = (0, 0, 1, 0).
• Rod 2: a finite time-like rod at (ρ = 0, z1 ≤ z ≤ z2) or (−1 ≤ x ≤ 1, y = −1/c),
with direction v(2) = 1κ(1,Ωψ,Ωφ,Ωw), where
κ = 14κ(1 + b)
√√√√ 2ΦΨ3






2(a+ c)Φ , (6.15b)
Ωφ =




2a(a+ c)(1− a2)Φ , (6.15c)
Ωw = −ΨΦ
√√√√b(1− a)(a− c)
(1 + a)(a+ c) . (6.15d)










• Rod 4: a semi-infinite space-like rod at (ρ = 0, z ≥ z3) or (−1 < x ≤ 1, y = −1),
with direction v(4) = (0, 1, 0, 0).
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Note in particular that Rod 3 has a non-zero component in the w-direction. It is what will
eventually give rise to a non-zero magnetic dipole charge when the solution is reduced to
five dimensions, as first observed in [119]. But now, Rod 2 also has a non-zero component
in the w-direction. This component is a manifestation of the electric quadrupole moment
of the reduced solution.
Now performing dimensional reduction on (6.10) using the ansatz (6.1), we obtain a

















F (x, y) (dψ + ω3 dφ)2
H(x, y)H(y, x) −
G(x)G(y) dφ2











where the functions G, K, H and F are given in (6.12), and ω1,2,3 are given in (6.11).
The gauge potential A is
A = At dt+ Aψ dψ + Aφ dφ , (6.18)








For completeness, we also present the five-dimensional solution when the two-form
field strength F is dualised to a three-form field strength H via
H = e−αϕ ? F , ϕ˜ = −ϕ . (6.20)
The corresponding two-form potential B is given by

















b(1− a2)(a2 − c2)
Ψ(x− y)H(x, y) (1− x
2)(1 + y)[a(1 + b)(1− x)(1 + cy)
+ (1− y)(b+ bcy − 1− cx)] .
(6.22)
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Figure 6.2: The rod structure of the balanced doubly rotating dipole black ring.
Note that the integration constants of the above three components of B are chosen such
that Btψ and Bφψ vanish on the axis y = −1, while Btφ vanishes on the axis x = −1. It
follows that B vanishes at infinity, since the axes x = −1 and y = −1 extend to infinity,
and B is constant there [28].
The rod structure of the five-dimensional black ring metric (6.17) can also be calcu-
lated. We remark that it is the same as that of (6.10), but now with the w-components
of all the rod directions removed. This rod structure is shown schematically in Fig. 6.2,
and it clearly describes a balanced doubly rotating (dipole) black ring. In the following
section, we shall examine the physical properties of this black ring in more detail.
6.4 Physical properties
We begin by noting that the metric of the doubly rotating dipole black ring (6.17) is
asymptotically flat, with infinity located at (x, y) → (−1,−1). This can be explicitly
seen by changing coordinates
x = −1 + 4κ
2
r2
(1− c) cos2 θ , y = −1− 4κ
2
r2
(1− c) sin2 θ . (6.23)
The ADM massM and angular momenta Jψ, Jφ of the space-time can then be calculated
to be
M = piκ
2(1 + b)[(a+ c)Φ + a(1− b+ c+ bc)]
ΦΨ ,
Jψ =
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As can be seen from the rod structure, there is an event horizon located at y = −1/c.
It has a ring topology S1×S2, with ∂
∂ψ
generating the S1 and ∂
∂φ
generating the rotational
symmetry of the S2. The surface gravity κ, and angular velocities Ωψ and Ωφ, of the
event horizon are given in (6.15a). Its area is




It is straightforward to check that this system does not carry conserved electric
charge, i.e., Q = 0. It does, however, carry a magnetic dipole charge, which can be
calculated to be





Note that this charge can be expressed in terms of the rod structure of the (six-
dimensional) solution (6.10) as follows:
Q = 12 (`1[w]− `3[w]) . (6.27)
This is in fact a general result.2 We remark that a similar result is known for four-
dimensional magnetically charged Kaluza–Klein black holes [62, 113]. In this case, these
black-hole solutions can be naturally lifted to five dimensions, and their magnetic charges
then become NUT charges (modulo signs and factors of 2). It turns out that the NUT
charges are simply encoded in the rod structure of these five-dimensional solutions [22,
23]. In fact, along this analogy, the dipole black ring considered here can be thought of
as a string of magnetically charged Kaluza–Klein black holes, bent into a circular shape
(parameterised by ψ).
The magnetic dipole potential Φm, first defined by Emparan for his S1-rotating dipole
black ring [41], now has a non-trivial generalisation when S2 rotation is turned on [28]:




where the subscript H indicates that the evaluation is taken at the event horizon. Since
B = 0 at infinity, this potential should be understood as the difference between the
potential at infinity and that on the horizon. Using the explicit expressions (6.22), we









2We point out that to derive this formula, we have assumed the (normalised) rod directions have
components `1[φ] = `3[φ] = 1, which are needed to ensure that the orbits of ∂∂φ are identified with
standard period 2pi in the reduced Kaluza–Klein theory. This formula can be easily generalised to cases
when `1,3[φ] 6= 1.
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Thus, if we define the temperature and entropy of the black hole as T = κ/(2pi) and
S = AH/4 respectively, it is straightforward to verify that the Smarr formula
2
3 M = TS + ΩψJψ + ΩφJφ +
1
3 ΦmQ , (6.30)
and the first law of black-hole thermodynamics
dM = T dS + Ωψ dJψ + Ωφ dJφ + Φm dQ , (6.31)
both hold for this dipole black ring solution.
Note that gtφ vanishes along the two axes x = ±1. This ensures that Dirac–Misner
singularities are absent in the space-time. The absence of such singularities can in fact
be seen from the rod structure in Fig. 6.2, from the fact that the directions of Rods 1
and 3 do not have time components [22, 23]. There are also no conical singularities in
the space-time. From the rod-structure viewpoint, this follows from the fact that the
directions of Rods 1 and 3 are the same.
It has been checked numerically that both H(x, y) > 0 and K(x, y) > 0 everywhere
on and outside the horizon. Since the curvature invariants have denominators that are
proportional to some positive powers of H(x, y) and K(x, y), their positivity will imply
that there are no curvature singularities in this region. It should also be checked if this
region contains closed time-like curves (CTCs). Despite an extensive numerical search,
no CTCs were found anywhere in this region. Thus, it would appear that the space-time
on and outside the event horizon is regular and well behaved.
6.5 Phase space structure
We can fix the overall scale of the balanced doubly rotating dipole black ring by fixing
its mass M . The solution is then characterised by reduced dimensionless quantities







2 [(1 + c)Φ + 2bc(1− a)]2












= 2a(1 + b)(a− c)
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10 . In each
case, the phase space is divided into two distinct regions by the dashed line. To the left
of it is a dark-grey region bounded by the thick black curve and the jφ = 0 axis. To the
right is a light-grey region bounded by the thin black curve and the jφ = 0 axis.
The phase space of this solution is therefore a four-dimensional one, parameterised by
(jψ, jφ, q, aH). To study it, we will look at its various two-dimensional cross-sections;
without loss of generality, we take jψ, jφ, q ≥ 0.
We begin by studying the (jψ, jφ) phase diagram for fixed-q values, as in Fig. 6.3. As
a reference, we have also plotted the q = 0 case, which was previously studied in [47].
Note that in each case, the phase space is bounded by three curves (besides the jφ = 0
axis). They are:
1. A thin black curve, corresponding to extremal doubly rotating dipole black rings.
These black rings are obtained by maximising jφ for a fixed value of jψ. This limit
will be examined in more detail in §6.6.3.
2. A thick black curve, corresponding to non-extremal minimally S1-rotating dipole
black rings. These black rings are obtained by minimising jψ for a fixed value of
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(1− a)(a− c)2 − 3a2(1 + c)(1− a− c)
(1 + a)(a− c)2 − 3a2(1− c)(1 + a+ c) . (6.33)
It turns out that this curve only exists for sufficiently small jφ. For larger values
of jφ, the minimal jψ boundary will be replaced by the following curve.
3. A dashed line, given by jψ + jφ = 1, corresponding to the so-called collapse limit of
the black ring. In this limit, the black ring collapses to an extremal Myers–Perry
black hole, and so the dashed line is actually not part of the black-ring phase space.
This limit will be examined in more detail in §6.6.4.
The regions of the phase space where black rings exist are shaded in grey in Fig. 6.3.
Note that in each case, there are two distinct regions separated by the dashed line. To
its left (where jψ + jφ < 1) is a dark-grey region bounded by the thick black curve and
the jφ = 0 axis. To its right (where jψ + jφ > 1) is a light-grey region bounded by the
thin black curve and the jφ = 0 axis; in this region, the black rings have the property of
being “thin”. By contrast, both “thick” and “thin” black rings co-exist in the dark-grey
region. (This fact cannot be seen from Fig. 6.3, and will only be apparent when we come
to Fig. 6.5 below.)
From the phase diagrams in Fig. 6.3, it is clear that the upper bound for jφ is reached
when the thin black curve meets the dashed line. This corresponds to the collapse limit














When q = 0, the allowed range for jψ extends to infinity. However, when q 6= 0, an








This upper bound is achieved by the extremal singly rotating dipole ring, which is
actually singular [41]. As q is increased from 0, this upper bound starts to decrease.
At the same time, the upper bound for jφ for fixed jψ (the thin black curve) decreases.
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25 . For the
latter two cases, the region near q = 0 has been magnified in the insets for clarity. Note
that the dark-grey region has disappeared in the last case.
This leads to an overall shrinking of the area of the light-grey region. It turns out that
the dark-grey region also shrinks in area. This can be seen from the fact that as q
is increased, the lower bound for jψ for fixed jφ (the thick black curve) is increased,
together with a decreased value of its upper bound (where the thick black curve meets
the dashed line).
We next turn to the (jψ, q) phase diagram for fixed-j2φ values, as in Fig. 6.4. In each
of these diagrams, the phase space is bounded by the same three boundary curves as
in the (jψ, jφ) phase diagram. Again, the dashed line divides the phase space into two
distinct regions: a dark-grey region on its left (where jψ + jφ < 1) bounded by the thick
black curve and the q = 0 axis, and a light-grey region on its right (where jψ + jφ > 1)
bounded by the thin black curve and the q = 0 axis. For jφ ≥ 15 , the thick black curve
ceases to exist and the dark-grey region disappears.
From the phase diagrams in Fig. 6.4, it is clear that the upper bound for q is reached
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10 . In each
case, the dark-grey curve shows the phase of the singly rotating black ring. The light-grey
curves are branches of constant jφ; the particular values shown are (from right to left, and













when the thin black curve meets the dashed line. This again corresponds to the collapse
limit of the extremal doubly rotating dipole black ring, except that jφ is fixed in this





For fixed values of jψ, the upper bound for q is given by the thin black curve in the
light-grey region, and by the thick black curve in the dark-grey region (if it exists). As
jφ is increased, this upper bound decreases, and both the light- and dark-grey regions
shrink in area.
Finally, we turn to the (j2ψ, aH) phase diagram for fixed-q values, as in Fig. 6.5. In
each of these diagrams, we have plotted the three boundary curves of the (jψ, jφ) phase
diagram. In addition, there are a number of grey curves plotted. The dark-grey curve
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represents the phase of the singly rotating black ring [41], while the light-grey curves
are branches of constant jφ > 0.
The reference case q = 0 was previously studied in [40]. Each of the light-grey
constant-jφ curves starts at the thin black curve and ends up at the dashed curve. In
the process, there is a cusp formed at the thick black curve. It is this cusp that separates
the thin-ring branch from the thick-ring branch. The totality of all these light-grey curves
then gives the phase space of allowed black rings. On the other hand, the space traced
out by all the thick-ring branches (the part of each light-grey curve starting from the
thick black curve and ending at the dashed curve) is the subset of this total phase space
corresponding to the dark-grey region of Fig. 6.3(a). This is the region in which both
thin and thick rings can co-exist. Note also that there are light-grey curves without a
cusp (and therefore a thick-ring branch); these start from the thin black curve and end
up directly at the dashed curve. Such curves only exist for sufficiently large values of jφ.
As q is increased from 0, it is evident that the upper bound for the horizon area aH
decreases. At the same time, the allowed range for jψ becomes narrower: as we have seen
above, (jψ)min increases while (jψ)max decreases as q is increased. In particular, let us
focus on the minimally S1-rotating dipole black rings (the thick black curves in Fig. 6.5).
Observe that for fixed jφ, the minimally rotating dipole black ring has a smaller aH and
a larger jψ than the corresponding q = 0 black ring. This former is to be expected: in
general, the area of a black hole decreases when charge is added to it. On the other
hand, the latter follows from the fact that there is now an enhanced attraction between
opposite sides of the ring, due to their opposite charges. A larger centrifugal force is
thus needed to balance the ring. We note that similar observations have been made in
the jφ = 0 case [41].
6.6 Various limits
6.6.1 Singly rotating dipole black ring
As mentioned above, the parameter b governs the S2 rotation of the dipole black ring.
If we set b = 0, the S2 rotation vanishes, and the resulting black ring rotates only in the
S1 direction. This is the (balanced) dipole black ring discovered by Emparan [41], for
the special case α = 2
√
2/3 corresponding to Kaluza–Klein theory. The metric (6.17)
106
§ 6.6. Various limits
then becomes







(dt+ ω˜1 dψ)2 +
2κ2
























2a(1 + a)(a+ c)
1− a
κ(1 + c)(1 + y)
F˜ (y)
, (6.39)
and the functions F˜ and H˜ are given by
F˜ (x) = 1 + ac+ (a+ c)x , H˜(x) = 1− ac− (a− c)x . (6.40)





κ(1 + c)(1 + x)
H˜(x)







To recover the exact form of the solution given in [41], we need to define the param-
eters
a = µ+ ν1 + µν , c = ν , κ = R
√√√√ 1− µ2




1 + ν2 + 2µν
1− µ2 (−ψ˜, φ˜) , (6.43)
where the coordinates ψ˜ and φ˜ are identified with the coordinates ψ and φ of [41],
respectively.
6.6.2 Pomeransky–Sen’kov black ring
The dipole charge Q of the solution (6.17)–(6.19) vanishes in the limit a = c, in which
case the Maxwell field vanishes, and the dilaton field becomes constant and decouples
from the system. The metric in this limit reduces to that of the Pomeransky–Sen’kov
black ring [109]. The explicit form of the metric in the current coordinates is
ds2 = −H˜(y, x)
H˜(x, y)




F˜ (x, y) (dψ + ω˜3 dφ)2
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where
ω˜1 =
2κc(1 + b)(1 + y)√
Φ˜Ψ˜ H˜(y, x)
{
b(1 + cx)(1 + cy) [b(c− 1)(1 + cx) + 2 + 2c]
−(1− c2)
[







2κc2(1 + b)(1− x2)
H˜(y, x)









b(1 + cx)(1 + cy)(1− b− c2 − bc2)− (1− c2)(1− b+ c2 + bc2)
]
, (6.45)
and the functions H˜ and F˜ are given by
H˜(x, y) = −c2(1 + b)
[
bx2(1 + cy)2 + (c+ x)2
]
+ [b(1 + cy)− 1− cx]2 + bc2(1− xy)2,








c2(1 + b)− b+ 1





c2(c+ x+ bx+ bcx2)2 − (c+ x− bx− bcx2)2
]
−(1− b)2(1 + cx)2
[
c2(1 + b)2 − (1− b)2
] }}
. (6.46)
Here, Φ˜ = 1− b+ c+ bc and Ψ˜ = 1− b− c− bc.
To obtain this black ring in the form given in [19] (in turn closely related to the
original form of [109]), we need to perform the following parameter redefinitions and
coordinate transformations:
b = ν(1− µ
2)
µ(1− ν2) , c =
µ− ν
1− µν , x =
x˜+ ν
1 + νx˜ , y =
y˜ + ν
1 + νy˜ , (6.47)
where the coordinates x˜ and y˜ are identified with the coordinates x and y of [19],
respectively.
6.6.3 Extremal doubly rotating dipole black ring
The extremal limit of the solution (6.17)–(6.19) in the present form is a bit subtle: it
corresponds to a, c→ 0 and b→ 1. More precisely, we first define




where α and β are new parameters satisfying 0 < β < α ≤ 1/2, and then take the limit
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×
{





































(x− y)(1− x2)(1− y2)
F˜ (x, y)
[
α2β(x+ y)− α2 − β2
]
, (6.50)
and the functions G˜, H˜, K˜ and F˜ are given by
G˜(x) = 1− x2,
H˜(x, y) = (α + βx)(α− βy)− αβ2(x2 − y2) + α2β2(1− x2)(1− y2) ,
K˜(x, y) = α2[1 + β(x− y)]2 − β2x2 + α2β2(1− xy)2,






(1 + x)2[1 + β(1− x)]2 − 2β(1− x2)(1 + y)
}
−α4β2(1− x2)(1− y2)− (α2 + β2x)2
}
. (6.51)
























(α− β)(α + βx) + αβ[α(1 + x− 2y) + βy(1− x)]
+α2β2(1 + x)(1− y)2
}
, (6.52)








In this limit, the outer horizon recedes to y = −∞ and coincides with the inner
one. The horizon remains regular with a finite and non-zero area, and its temperature
becomes zero. It is interesting to note that in this limit, its entropy satisfies the very
simple formula
S = 2piJφ . (6.54)
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Such a formula was first observed for the extremal Pomeransky–Sen’kov black ring by
Reall [114], and it led him to derive the entropy of that solution from a microscopic
counting of states. A similar microscopic counting of states might apply to the present
solution.
The dipole charge remains finite in this limit. It can be made to vanish if we set α =
1/2, and (6.49) reduces to the extremal Pomeransky–Sen’kov black ring, as expected.
On the other hand, by fixing the ratio 0 < β/α < 1 and then taking the limit α→ 0, we
recover the extremal singly rotating dipole black ring studied in [41] for Kaluza–Klein
theory. However, we point out that in this singly rotating case, the black ring has a
singular horizon with vanishing area.
Recall from the discussion of §6.5 that if we fix jψ and q, the S2-rotation jφ is
maximised in the extremal limit; on the other hand, if we fix jψ and jφ with jψ + jφ > 1,
the dipole charge q is maximised in this limit. Hence the extremal black ring can be
understood as a black-ring system which is either maximally S2-rotating or maximally
dipole-charged.
6.6.4 Collapse limit
In this limit, the ring radius shrinks down to zero, so the black ring “collapses” into a
black hole. It is obtained by first fixing a and c, setting
b = 1− a1 + a −
ηκ2
1 + a , (6.55)
and then taking κ → 0. In terms of the rod structure shown in Fig. 6.2, it corresponds
to shrinking the lengths of both the second and third rods to zero, while keeping their
ratio fixed. In this limit, we find a simple relation between the two angular momenta:








If we ignore the existence of q, this relation describes the phase space of the five-
dimensional extremal Myers–Perry black hole [47]. In the phase space diagrams in
§6.5, the collapse limit is represented by the dashed curves.
If we define the parameters m, a1 and a2 as
m = 4(a+ c)
η(1 + a) , a1 =
√
2(a2c+ 2a+ c)√
η(1 + a)(a+ c)
, a2 =
√
2(1 + a)c(1− a)√
η(a+ c)
, (6.57)
and the coordinates r and θ by
x = −1 + 4κ
2(1− c) cos2 θ
r2 − a1a2 , y = −1−
4κ2(1− c) sin2 θ
r2 − a1a2 , (6.58)
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we find that the metric (6.17) reduces in this limit to the Myers–Perry solution:
ds2 = −dt2 + 2mΣ (dt− a1 sin
2 θ dψ − a2 cos2 θ dφ)2




















− 2m, Σ = r2 + a21 cos2 θ + a22 sin2 θ . (6.60)
At the same time, the dilaton (6.19) decouples and the gauge potential (6.18) vanishes.
In the zero dipole-charge case a = c, this limit was previously considered in [40]. In
the present case, although the parameter a enters into the limiting metric non-trivially,
there are essentially two independent parameters, as can be seen from the extremality
condition a1 + a2 =
√
2m. This is of course expected: the extremal Myers–Perry black
hole is not supposed to carry a third degree of freedom coming from dipole charge.
However, it is interesting to note that not all the physical quantities are continuous in
this limit, i.e., the physical quantities of our dipole ring in this limit may not be the
same as those in the limiting extremal Myers–Perry solution. In particular, q does not
vanish in the collapse limit.
6.6.5 Infinite ring-radius limit















m2 − α2 , (6.61)
and define the new coordinates (r, θ, z) by
x = cos θ , y = −
√
2κ




If we then take the κ →∞ limit of the six-dimensional metric (6.10), we obtain:
ds26 =
Σ
Σ + 2mr sinh2 γ
[
dw′ − 2αm sinh γ cos θΣ dt


























Σ = r2 + α2 cos2 θ , ∆ = r2 − 2mr + α2. (6.64)
Here, we have defined the coordinates:
dw′ = dw +m sinh 2γ dφ ,
dt′ = cosh σ dt− sinh σ dz ,
dz′ = cosh σ dz − sinh σ dt , (6.65)
where
sinh σ = cosh γ . (6.66)
When dimensionally reduced on w′ (or w), (6.63) describes a magnetically charged,
rotating Kaluza–Klein black hole [113, 93] that is extended along the z′-direction3—in
other words, a Kaluza–Klein black string. Moreover, this solution is boosted along the
z′-direction with a certain boost parameter σ, as can be seen from the last two equations
of (6.65). In the limit when the rotation α goes to zero, we recover the charged non-
rotating black string found in [41], for Kaluza–Klein theory and the boost parameter
satisfying the balance condition (6.66).
We remark that this result is entirely consistent with the interpretation made in §6.4
of the dipole black ring as a string of magnetically charged Kaluza–Klein black holes,
bent into a circular shape.
6.7 Discussion
In this chapter, we have used the ISM in six-dimensional vacuum gravity to construct a
new solution of five-dimensional Kaluza–Klein theory describing a doubly rotating black
ring carrying magnetic dipole charge. This black ring is balanced, so the space-time
does not contain any conical singularities, and it can be regarded as a dipole-charged
generalisation of the Pomeransky–Sen’kov black ring. We then studied some properties
of this solution, including its phase space structure and its various limits.
We note that this solution is not the most general black ring possible in Kaluza–Klein
theory. It is clearly possible to generalise it to the unbalanced case, with independent
rotations in both directions. Indeed, it is possible to obtain this solution from the ISM
construction of §6.2, by relaxing the conditions made in (6.8) so that Rods 1 and 4
3If we write (6.63) in the form ds26 = ds25 + dz′2, then (4.11) of [113] can be mapped to ds25 by
setting α 7→ 0, β 7→ γ, MK 7→ m, a 7→ α, r 7→ r − Σ/
√
3, t→ t′ and x5 7→ w′.
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(after dimensional reduction) are parallel only. However, based on our experience with
the most general vacuum black ring [19], this solution is likely to be very complicated. It
might be worthwhile to focus on obtaining another special case of this solution in the first
instance, namely the purely S2-rotating dipole ring. This would be the dipole-charged
generalisation of the solution in [99, 51].
Even if we restrict ourselves to the balanced case, the solution in this paper is still not
the most general one possible in Kaluza–Klein theory. Such a distinction would belong
to a doubly rotating black ring that carries both magnetic dipole charge and a normal
conserved electric charge. It may be possible to add a conserved electric charge to the
present solution by applying one of the standard charging transformations, although the
resulting space-time is likely to contain Dirac–Misner singularities. A better approach,
following the original spirit of how the present solution was derived, would be to use the
ISM on a suitable seed to generate this most general balanced solution. We leave this
interesting problem for the future.
A more ambitious task would be to find doubly rotating dipole black ring solutions
to the action (1.1), for other values of dilaton coupling α. The method developed in
[119] and used in this paper will no longer be applicable, although it is conceivable
that some variation of the ISM might be applicable for other special values of α. One
particularly interesting case is pure Einstein–Maxwell theory with α = 0. It is also
possible to move beyond Einstein–Maxwell theory by adding a Chern–Simons term, to
obtain the bosonic sector of five-dimensional minimal supergravity theory. An inverse-
scattering formalism [52] was recently developed for this theory, and it perhaps offers the
best hope of generating another example of a doubly rotating dipole black ring. Such a
solution, if found, could be the starting point to generate the most general stationary
black-ring solution of U(1)3 supergravity theory [37].
Returning to five-dimensional Kaluza–Klein theory, it is notable that this theory
can be interpreted as the NS-NS sector of low-energy string theory after the dualisation
(6.20). Thus, our solution, and its generalisations discussed above, admit an embedding
in string theory with rather interesting implications. In particular, when the extremal
limit of our solution is taken, it describes a loop of fundamental string, rotating in both
the loop direction as well as the direction orthogonal to it. It might be worthwhile to





To end off this thesis, we give a few avenues for the possible extension of the current
work which we hope to embark on in the future.
7.1 Five-dimensional Kaluza–Klein dipole ring
In Chapter 6, we have presented a balanced five-dimensional doubly rotating dipole
ring in the Kaluza–Klein theory. As mentioned in §6.7, the unbalanced solution can be
obtained in our ISM construction but the solution is likely to be very complicated. It
would then be worthwhile to consider the S2-rotating Kaluza–Klein dipole ring. Such a
solution will be the dipole-charged generalisation of the solution discussed in §2.5. This
solution is not contained in the doubly rotating solution presented in Chapter 6 and has





z1 z2 z3 z4
Figure 7.1: The rod sources of the seed solution for S2-rotating Kaluza–Klein dipole
ring when lifted to six dimensions.
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To start off, we consider a diagonal seed in six dimensions with the rod structure as

















Using the inverse scattering method, we then perform the following 3-soliton transfor-
mation on the above seed:
1. Remove a soliton at each of z1, z2 and z3, with trivial BZ vectors m(1)0 = (0, 0, 1, 0),
m
(2)
0 = (1, 0, 0, 0) and m
(3)
0 = (0, 0, 1, 0), respectively;
2. Add back a soliton at each of z1, z2, and z3, with non-trivial BZ vectors m˜(1)0 =
(C1, 0, 1, 0), m˜(2)0 = (1, 0, C2, 0) and m˜
(3)
0 = (0, 0, 1, C3), respectively. Here, C1, C2
and C3 are the BZ parameters.
The value of the BZ parameter C3 is chosen such that both rods beside z = z3 are joined
into one. The resulting solution will then be left with three genuine turning points and it
can be converted to C-metric coordinates. Roughly speaking, one of the BZ parameters
among C1 and C2 is related to the rotation of the resulting solution and the other is to
be chosen so that the ring geometry is assured, i.e., both space-like rods beside the finite
time-like rod are to be parallel.
We have carried out some preliminary analyses on the resulting solution and it does
seem to have the correct description for an S2-rotating Kaluza–Klein dipole ring after
performing dimensional reduction along the w-direction. However, the expressions of
the metric components are rather complicated. We hope to report it elsewhere if a more
presentable form of the solution is obtained.
As mentioned in Chapter 6, it is possible for solutions in Kaluza–Klein theory to carry
both magnetic dipole charge and a normal conserved electric charge. It is well known
that a rotation in the Kaluza–Klein direction can be interpreted as conserved electric
charge upon dimensional reduction. In the case of the singly rotating Emparan–Reall
black ring, we have seen that this solution can be generated from the inverse scattering
method from a singular seed with negative density rod along the S1 coordinate in order
to facilitate the addition of the S1 rotation. It is then not difficult to deduce that a
similar ISM procedure would allow us to generate a dipole ring with conserved electric
charge.
The most promising case of such electrically charge dipole ring solution would be
the static electric Kaluza–Klein dipole ring. We conjecture that this solution can be
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z1 z2 z3 z4 z5
Figure 7.2: The rod sources of the seed solution for static electric Kaluza–Klein dipole
ring when lifted to six dimensions.
generated from a singular diagonal seed in six dimensions with the rod structure as

















Using the inverse scattering method, we then perform the following 3-soliton transfor-
mation on the above seed:
1. Remove a soliton at each of z2, z3 and z4, with trivial BZ vectors m(1)0 = (0, 0, 0, 1),
m
(2)
0 = (1, 0, 0, 0) and m
(3)
0 = (0, 0, 1, 0), respectively;
2. Add back a soliton at each of z2, z3, and z4, with non-trivial BZ vectors m˜(1)0 =
(0, 0, C2, 1), m˜(2)0 = (1, 0, 0, C3) and m˜
(3)
0 = (0, 0, 1, C4), respectively. Here, C2, C3
and C4 are the BZ parameters.
The values of the BZ parameters C3 and C4 are to be chosen such that Rods 3, 4
and 5 (counting from the left) are joined into one. The resulting solution will then be
left with three genuine turning points and it can be converted to C-metric coordinates.
The solitonic transformations at z3 and z4 are to facilitate the addition of conserved
electric charge and magnetic dipole charge respectively to the the solution. Based on
our experience with the ISM, another solitonic transformation at z2 is required so that
a free parameter is added which can be tuned to ensure the ring topology of the horizon
and/or to eliminate possible Dirac–Misner singularities in the resulting solution.
It is expected that the static electric Kaluza–Klein dipole ring constructed above
will not be regular everywhere in the space-time. A conical singularity is necessary to
provide a pressure to prevent the ring from collapsing under its own gravity. For the
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dipole ring to be regular, it is required to turn on the S1 rotation along the ring so that





z1 z2 z3 z4 z5 z6
Figure 7.3: The rod sources of the seed solution for S1-rotating electric Kaluza–Klein
dipole ring when lifted to six dimensions.
We conjecture that an S1-rotating electric Kaluza–Klein dipole ring can be generated
from a singular diagonal seed in six dimensions with the rod structure as shown in
























Using the inverse scattering method, we then perform the following 4-soliton transfor-
mation on the above seed:
1. Remove a soliton at each of z1, z3, z4 and z5, with trivial BZ vectors m(1)0 =
(0, 1, 0, 0), m(2)0 = (0, 0, 0, 1), m
(3)
0 = (1, 0, 0, 0), and m
(4)
0 = (0, 0, 1, 0) respectively;
2. Add back a soliton at each of z1, z3, z4 and z5, with non-trivial BZ vectors
m˜
(1)
0 = (C1, 1, 0, 0), m˜
(2)
0 = (0, 0, C3, 1), m˜
(3)
0 = (1, 0, 0, C4) and m˜
(4)
0 = (0, 0, 1, C5)
respectively. Here, C1, C3, C4 and C5 are the BZ parameters.
The BZ parameter C1 is to be chosen such that Rods 1 and 2 (counting from the left)
are joined into one single rod. Similarly, the BZ parameters C4 and C5 are to be chosen
so that Rods 4, 5 and 6 are joined up. The solitonic transformation at z3 is to introduce
new parameter in the resulting solution to be chosen so that the ring topology of the
horizon is assured and/or to eliminate possible Dirac–Misner singularities in the space-
time. The solution with zero dipole charge of the resulting solution has recently been
discussed in [117].
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We remark that while the procedures outlined above are rather straightforward in-
volving only algebraic manipulations from start to finish, the expressions involved can
become very complicated in the intermediate stages. In fact, we have constructed such
a solution in the Weyl–Papapetrou coordinates. The major challenge now is to convert
the solution into C-metric coordinates (with conditions from C1, C4 and C5 imposed).
This is because the expressions will involve explicit square-roots
√
ρ2 + (z − zi)2 coming
from µi for i = 1, 4, 5 everywhere which cannot be avoided even after transforming to the
C-metric coordinates. Although we know that the final solution will not depend on these
square-roots (since these points will become phantom points after imposing conditions
from C1, C4 and C5), the challenge is to cancel the square-roots at some stage. This
problem is worth studying to build on our earlier success on solutions with two phantom





z1 z2 z3 z4 z5 z6
Figure 7.4: The rod sources of the seed solution for doubly rotating electric Kaluza–Klein
dipole ring when lifted to six dimensions.
The most general dipole ring within Kaluza–Klein gravity will be a doubly rotating
dipole ring with conserved electric charge1. We expect such a solution can be generated
using the inverse scattering method on a singular seed solution in six dimensions (7.3)
with the rod structure shown in Fig. 7.4. We then perform the following 5-soliton
transformation on the seed:
1. Remove a soliton at each of z1, z2, z3, z4 and z5, with trivial BZ vectors m(1)0 =
(0, 1, 0, 0), m(2)0 = (0, 0, 1, 0), m
(3)
0 = (0, 0, 0, 1), m
(4)
0 = (1, 0, 0, 0), and m
(5)
0 =
(0, 0, 1, 0) respectively;
1Soon after our paper [20], Rocha, Rodriguez and Varela [118] claimed to have constructed a doubly
rotating electric Kaluza–Klein dipole ring. However, after a detailed investigation on their solution, it
has been realized that there is a singularity at (ρ, z) = (0, a2) showing up as (z − a2)−1 divergences in
the metric coefficients.
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2. Add back a soliton at each of z1, z2, z3, z4 and z5, with non-trivial BZ vectors
m˜
(1)
0 = (C1, 1, 0, 0), m˜
(2)
0 = (0, C2, 1, 0), m˜
(3)
0 = (0, 0, C3, 1), m˜
(4)
0 = (1, 0, 0, C4)
and m˜(5)0 = (0, 0, 1, C5), respectively. Here, C1, C2, C3, C4 and C5 are the BZ
parameters.
The BZ parameter C1 is to be chosen such that Rods 1 and 2 (counting from the left)
are joined into one single rod. Similarly, the BZ parameters C4 and C5 are to be chosen
so that Rods 4, 5 and 6 are joined up.
Recently, Feldman and Pomeransky [50] have presented a doubly rotating charged
dipole ring solution in an explicit form. However, the ISM construction outlined above
makes the role of each solitonic transformation apparent. In particular, the solitonic
transformations at z4 and z5 are to facilitate the addition of electric charge and mag-
netic dipole charge respectively. The solitonic transformations at z1 is to facilitate the
inclusion of rotation along the S1 of the ring. And, the solitonic transformations at z2
and z3 are to facilitate the inclusion of rotation in the S2 of the ring and to introduce
a new parameter to be fine-tuned so that the ring topology of the horizon is assured
and/or to eliminate possible Dirac–Misner singularities in the space-time. Thus, it is our
belief that such a construction is still worthwhile to study so that these ISM operations
could be understood, leading to the construction of other new solutions.
7.2 Five-dimensional Kaluza–Klein dipole lens
In five dimensions, the only allowed horizon topologies seem to be S3, S2 × S1, a lens-
space or their connected sums. It is thus believed that there exists dipole-charged
solutions with lens-space horizon topology. The most promising solution seems to be
the static Kaluza–Klein dipole black lens. We anticipate that such a solution could be
generated from the inverse scattering method with two solitonic transformations.
We consider a diagonal seed in six dimensions with the rod structure as shown in

















We then perform the following 2-soliton transformation on the above seed:
1. Remove a soliton at each of z3 and z4, with trivial BZ vectors m(1)0 = (0, 0, 1, 0)
and m(2)0 = (0, 0, 0, 1), respectively;
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z1 z2 z3 z4
Figure 7.5: The rod sources of the seed solution for static Kaluza–Klein dipole lens when
lifted to six dimensions.
2. Add back a soliton at each of z3, and z4, with non-trivial BZ vectors m˜(1)0 =
(0, 0, 1, C3) and m˜(2)0 = (0, C4, 0, 1), respectively. Here, C3 and C4 are the BZ
parameters.
The BZ parameter C3 is to be chosen such that Rods 3 and 4 (counting from the
left) are joined into a single one. The resulting solution will then be left with three
genuine turning points and it can be converted to C-metric coordinates. The solitonic
transformation at z4 is to cause the topology of the horizon to be a lens-space.
The resulting solution obtained will then be a dipole-charged generalisation of the
static black lens in [21]. As with its zero dipole charge counterpart, it is expected that
this solution will possess a conical singularity which is physically needed to balance the





z1 z2 z3 z4 z5
Figure 7.6: The rod sources of the seed solution for singly rotating Kaluza–Klein dipole
lens when lifted to six dimensions.
It is possible to make the dipole lens obtained above to rotate along one of the
121
§ 7.2. Five-dimensional Kaluza–Klein dipole lens
asymptotic axes. To generate such a solution, we need to consider a singular diagonal























We then perform the following 4-soliton transformation on the above seed:
1. Remove a soliton at each of z1, z2, z4 and z5, with trivial BZ vectors m(1)0 =
(0, 1, 0, 0), m(2)0 = (0, 0, 1, 0), m
(3)
0 = (0, 0, 1, 0) and m
(4)
0 = (0, 0, 0, 1), respectively;
2. Add back a soliton at each of z1, z2, z4 and z5, with non-trivial BZ vectors
m˜
(1)
0 = (C1, 1, 0, 0), m˜
(2)
0 = (0, C2, 1, 0), m˜
(3)
0 = (0, 0, 1, C4) and m˜
(4)
0 = (0, C5, 0, 1),
respectively. Here, C1, C2, C4 and C5 are the BZ parameters.
The BZ parameters C1 and C4 are to be chosen such that (counting from the left) Rods
1 and 2, as well as, Rods 4 and 5, are joined into a single rod respectively. The resulting
solution will then be left with three genuine turning points and it can be converted to C-
metric coordinates. The solitonic transformation at z2 is to include a new parameter in
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Figure 7.7: The rod sources of the seed solution for doubly rotating electric Kaluza–Klein
dipole lens when lifted to six dimensions.
The most general five-dimensional dipole lens solution in Kaluza–Klein theory can
carry conserved electric charge and two independent angular momentum. We expect that
this general solution can be generated from a singular diagonal seed in six dimensions
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given in (7.3) with the rod structures shown in Fig. 7.7. To generate such a solution, we
perform the following 6-soliton transformation on the seed:
1. Remove a soliton at each of z1, z2, z3, z4, z5 and z6, with trivial BZ vectors
m
(1)
0 = (0, 1, 0, 0), m
(2)
0 = (0, 0, 1, 0), m
(3)
0 = (0, 0, 0, 1), m
(4)
0 = (1, 0, 0, 0), m
(5)
0 =
(0, 0, 1, 0), m(6)0 = (0, 0, 0, 1), respectively;
2. Add back a soliton at each of z1, z2, z3, z4, z5 and z6, with non-trivial BZ vectors
m˜
(1)
0 = (C1, 1, 0, 0), m˜
(2)
0 = (0, C2, 1, 0), m˜
(3)
0 = (0, 0, C3, 1), m˜
(4)
0 = (1, 0, 0, C4),
m˜
(5)
0 = (0, 0, 1, C5) and m˜
(6)
0 = (0, C6, 0, 1), respectively. Here, C1, C2, C3, C4, C5
and C6 are the BZ parameters.
The BZ parameter C1 is to be chosen such that Rods 1 and 2 (counting from the left) are
joined into a single rod. The solitonic transformation at z1 is to facilitate the addition
of angular momentum along the ψ-direction. The BZ parameters C4 and C5 are to be
chosen so that Rods 4, 5 and 6 are joined up. The solitonic transformations at z4 is to
add the conserved electric charge, whereas, the one at z5 is to add the magnetic dipole
charge, respectively on the resulting solution. The resulting solution is then left with
three genuine turning points and can be converted to C-metric coordinates.
The solitonic transformation at z6 is to make the topology of the horizon to be a
lens-space. Both solitonic transformations at z2 and z3 are to facilitate the addition of
the angular momentum along the φ-direction and, at the same time, to include a new
parameter in the resulting solution to be tuned so that the Dirac–Misner singularity can
be eliminated from the space-time.
We remark that even if the above general solution could be generated, it is likely
that the metric coefficients are very complicated.
7.3 Four-dimensional Kaluza–Klein C-metric
Recall that Emparan and Reall first obtained the black ring solution in [44] from the
Kaluza-Klein C-metric solution in [32, 18] via a double Wick rotation of coordinates
and analytic continuation of parameters. Since the Emparan–Reall black ring can be
constructed from the inverse scattering method, it is expected that the Kaluza–Klein
C-metric can also be generated from a similar construction. Indeed, we have managed
to obtain the Kaluza–Klein C-metric solution from the inverse scattering construction.
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z1 z2 z3 z4
Figure 7.8: The rod sources of the seed solution for static electric Kaluza–Klein C-metric
when lifted to five dimensions.
We start from a singular diagonal seed in five dimensions with the rod structure as



















Using the inverse scattering method, we then perform the following 1-soliton transfor-
mation on the above seed:
1. Remove a soliton at z1 with trivial BZ vector m(1)0 = (0, 0, 1);
2. Add back a soliton at z1 with non-trivial BZ vector m˜(1)0 = (C1, 0, 1) where C1 is
the BZ parameter.
The value of the BZ parameter C1 is chosen such that there is no singularity around
z = z1 at ρ = 0. Effectively, the resulting solution will be left with three genuine
turning points and it can be converted to C-metric coordinates. With a few appropriate
parameter redefinitions, the four-dimensional static electric Kaluza–Klein C-metric [32]




z1 z2 z3 z4
Figure 7.9: The rod sources of the seed solution for static magnetic Kaluza–Klein C-
metric when lifted to five dimensions.
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To generate the four-dimensional static magnetic Kaluza–Klein C-metric, we start
from a diagonal seed in five dimensions with the rod structure as shown in Fig. 7.9. The

















Using the inverse scattering method, we then perform the following 1-soliton transfor-
mation on the above seed:
1. Remove a soliton at z3 with trivial BZ vectors m(1)0 = (0, 1, 0);
2. Add back a soliton at z3 with non-trivial BZ vectors m˜(1)0 = (0, 1, C3) where C3 is
the BZ parameter.
The value of the BZ parameter C3 is chosen such that the two rods beside the turning
point z = z3 are joined into one. The resulting solution will be left with three genuine
turning points and it can be converted to C-metric coordinates. With a few appropriate
parameter redefinitions, the four-dimensional static magnetic Kaluza–Klein C-metric




z1 z2 z3 z4 z5
Figure 7.10: The rod sources of the seed solution for static dyonic Kaluza–Klein C-metric
when lifted to five dimensions.
At this stage, the next step is to consider whether a dyonic solution can be gener-
ated from similar constructions. In fact, Chamblin and Emparan [18] already initiated
a search for such a dyonic Kaluza–Klein C-metric solution in 1996. Building on our suc-
cess in constructing static electric (magnetic) Kaluza–Klein C-metric from the inverse
scattering method above, we anticipate that static dyonic Kaluza–Klein C-metric can be
generated from a singular diagonal seed in five dimensions with the rod structure given
125
§ 7.3. Four-dimensional Kaluza–Klein C-metric





















Using the inverse scattering method, we then perform the following 3-soliton transfor-
mation on this seed:
1. Remove a soliton at each of z1, z2 and z4, with trivial BZ vectors m(1)0 = (0, 0, 1),
m
(2)
0 = (0, 1, 0) and m
(3)
0 = (0, 1, 0), respectively;
2. Add back a soliton at each of z1, z2, and z4, with non-trivial BZ vectors m˜(1)0 =
(C1, 0, 1), m˜(2)0 = (0, 1, C2) and m˜
(3)
0 = (0, 1, C4), respectively. Here, C1, C2 and C4
are the BZ parameters.
We note that if C2 = C4 = 0, we recover the ISM procedure of the static electric Kaluza–
Klein C-metric above. On the other hand, if C1 = C2 = 0 and z1 = z2, we effectively
recover the ISM procedure of the static magnetic Kaluza–Klein C-metric above.
We need to fix some choices on the values of BZ parameters so that the desired
solution can be obtained. Counting the rods from the left, we need to join up Rods
1 and 2, as well as, Rods 4 and 5, by requiring that Rod 1 has the same normalised
direction as Rod 2, and Rod 4 has the same normalised direction as Rod 5. These two
conditions will fix the values of the BZ parameters C1 and C4. We also need to impose
a condition on the BZ parameter C2 so that the normalised direction of Rod 2 does not
have a time component. Some preliminary analyses have been carried on the resulting





z1 z2 z3 z4
Figure 7.11: The rod sources of the seed solution for rotating electric Kaluza–Klein
C-metric when lifted to five dimensions.
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We also expect that it is possible to generate a four-dimensional rotating electric
Kaluza–Klein C-metric from a singular diagonal seed given by the rod structure given
in Fig. 7.11. The explicit solution is given in (7.6). Using the inverse scattering method,
we then perform the following 3-soliton transformation on this seed:
1. Remove a soliton at each of z1, z2 and z3, with trivial BZ vectors m(1)0 = (0, 0, 1),
m
(2)
0 = (0, 1, 0) and m
(3)
0 = (1, 0, 0), respectively;
2. Add back a soliton at each of z1, z2, and z3, with non-trivial BZ vectors m˜(1)0 =
(C1, 0, 1), m˜(2)0 = (0, 1, C2) and m˜
(3)
0 = (1, C3, 0), respectively. Here, C1, C2 and C3
are the BZ parameters.
We note that if C2 = C3 = 0, we recover the ISM procedure of the static electric
Kaluza–Klein C-metric above. The construction above is also very similar to the case
of unbalanced Pomeransky–Sen’kov doubly rotating black ring discussed in Chapter 5.
Again, the BZ parameters C1, C2 and C3 are to be fixed at some specific values so
that the resulting solution can be interpreted as the four-dimensional rotating electric




z1 z2 z3 z4
Figure 7.12: The rod sources of the seed solution for rotating magnetic Kaluza-Klein
C-metric when lifted to five dimensions.
A four-dimensional rotating magnetic Kaluza–Klein C-metric is expected to be gen-
erated from a similar ISM procedure from a diagonal seed given by the rod structure
given in Fig. 7.12. The explicit solution is given in (7.7). Using the inverse scattering
method, we then perform the following 3-soliton transformation on this seed:
1. Remove a soliton at each of z1, z2 and z3, with trivial BZ vectors m(1)0 = (0, 1, 0),
m
(2)
0 = (1, 0, 0) and m
(3)
0 = (0, 1, 0), respectively;
2. Add back a soliton at each of z1, z2, and z3, with non-trivial BZ vectors m˜(1)0 =
(C1, 1, 0), m˜(2)0 = (1, C2, 0) and m˜
(3)
0 = (0, 1, C3), respectively. Here, C1, C2 and C3
are the BZ parameters.
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We note that if C1 = C2 = 0, we recover the ISM procedure of the static magnetic
Kaluza–Klein C-metric above. Again, the BZ parameters C1, C2 and C3 are to be
fixed at some specific values so that the resulting solution can be interpreted as the





z1 z2 z3 z4 z5
Figure 7.13: The rod sources of the seed solution for rotating dyonic Kaluza–Klein
C-metric when lifted to five dimensions.
The most general four-dimensional Kaluza–Klein C-metric is the rotating dyonic
solution. We conjecture that such a solution can be generated from a singular diagonal
seed in five dimensions (7.8) with the rod structure given in Fig. 7.13. Using the inverse
scattering method, we then perform the following 4-soliton transformation on this seed:
1. Remove a soliton at each of z1, z2, z3 and z4, with trivial BZ vectorsm(1)0 = (0, 0, 1),
m
(2)
0 = (0, 1, 0), m
(3)
0 = (1, 0, 0) and m
(4)
0 = (0, 1, 0), respectively;
2. Add back a soliton at each of z1, z2, z3 and z4, with non-trivial BZ vectors m˜(1)0 =
(C1, 0, 1), m˜(2)0 = (0, 1, C2), m˜
(3)
0 = (1, C3, 0) and m˜
(4)
0 = (0, 1, C4), respectively.
Here, C1, C2, C3 and C4 are the BZ parameters.
Again, the BZ parameters C1, C2, C3 and C4 are to be fixed at some specific values so
that the resulting solution can be interpreted as the four-dimensional rotating dyonic
Kalaza–Klein C-metric upon dimensional reduction along the w-direction.
The ISM construction of the rotating dyonic solution above has made apparent the
role played by each solitonic transformation. The solitonic transformations at z = z1
and z = z4 are to generate the electric and magnetic charges respectively. Roughly
speaking, the solitonic transformations at z = z2 and z = z3 are to turn on the rotation
and provide an additional parameter which can be tuned to eliminate undesired physical
properties, for instance, Dirac–Misner singularities, from the resulting solution.
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To the best of our knowledge, the above class of four-dimensional Kaluza–Klein C-
metric solutions (except for the static electric and static magnetic cases) are not known
in the current literature. Furthermore, the ISM constructions of the static electric
and static magnetic Kaluza–Klein C-metric have not been reported anywhere in the
literature. Thus, it is definitely worth to study these problems. Some works are in
progress along this direction which we hope to report it elsewhere in the future.
(KHCM)
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